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GROMOV HYPERBOLICITY AND
QUASIHYPERBOLIC GEODESICS

(GROMOV HYPERBOLICITE ET
QUASI-HYPERBOLIQUE GEODESIQUES)

PEKKA KOSKELA, PAIVI LAMMI AND
VESNA MANOJLOVIC

ABSTRACT. We characterize Gromov hyperbolicity of the quasihy-
perbolic metric space (2, k) by geometric properties of the Ahlfors
regular length metric measure space (€2, d, u). The characterizing
properties are called the Gehring—Hayman condition and the ball-
separation condition.

RESUME. Nous charactérisons 1 hyperbolicité au sens de Gromov
de l’espace quasi—-hyperbolique (€2, k) par des propriétés géométriques
(dites Gehring—Hayman condition et ball-separation condition) de
l’espace métrique mesuré Ahlfors—réguliére (Q,d, p).

1. INTRODUCTION

Given a proper subdomain €2 of Euclidean space R", n > 2, equipped
with Euclidean distance, one defines the quasthyperbolic metric k in €2
as the path metric generated by the density

plz) = %

where d(z) = dist(z, 092). Precisely, one sets

ko) =inf [ ple)ds,
Twy Yy

where the infimum is taken over all rectifiable curves ,, that join x
and y in €2 and the integral is the usual line integral. Then €2 equipped
with k is a geodesic metric space: there is a curve 7,, whose length
in the above sense equals k(z,y). Let us denote by [z,y| any such
geodesic; these geodesics are not necessarily unique as can be easily
seen, for example for 2 = R™\{0}. The quasihyperbolic metric k was
introduced in [GP| and [GO| where the basic properties of it were
established.
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If for all triples of geodesics [x,y], [y, 2], [z, 2] in © every point in
[z, y] is within k-distance § from [y, z] U [z, 2] then the space (€, k) is
called d-hyperbolic. Roughly speaking this means that geodesic trian-
gles in Q are §—thin. Moreover, we say that (€2, k) is Gromov hyperbolic
if it is d—hyperbolic for some §. The following theorem from [BB| that
extends results from [BHK] gives a complete characterization of Gro-
mov hyperbolicity of (€, k).

Theorem 1.1. Let Q@ C R" be a proper subdomain. Then (Q,k) is
Gromouv hyperbolic if and only if Q) satisfies both a Gehring-Hayman
condition and a ball separation condition.

Above, the Gehring-Hayman condition means that there is a con-
stant Cy, > 1 such that for each pair of points z,y in © and for each
quasihyperbolic geodesic [z, y] it holds that

length([z, y]) < Cgnlength(v,y),

where 7, is any other curve joining = to y in 2. In other words, it says
that quasihyperbolic geodesics are essentially the shortest curves in €.

The other condition, a ball separation condition, requires the exis-
tence of a constant Cls > 1 such that for each pair of points x and v,
each quasihyperbolic geodesic [z,y], every z € [z,y], and every curve
Vay joining x to y it holds that

B(z, Chsd(2)) N vay # 0.

Here the ball is taken with respect to the inner metric of €.

Notice that the three conditions in Theorem 1.1, Gromov hyperbol-
icity and the Gehring-Hayman and the ball separation conditions, are
only based on metric concepts. It is then natural to ask for an ex-
tension of this characterization to an abstract metric setting. Such an
extension was given in [BB| that relies on an analytic assumption that
essentially requires the space in question to support a suitable Poincaré
inequality. This very same condition, expressed in terms of moduli of
curve families [HeiK], is already in force in [BHK].

The purpose of this paper is to show that Poincaré inequalities are
not critical for geometric characterizations of Gromov hyperbolicity of
a non—complete metric space equipped with the quasihyperbolic metric.
Our main result reads as follows.

Theorem 1.2. Let Q > 1 and let (X,d,p) be a Q-regular metric
measure space with (X, d) a locally compact and annularly quasiconvex
length space. Let € be a bounded and proper subdomain of X, and let dg
be the inner metric on  associated to d. Then (Q, k) is Gromov hyper-
bolic if and only if (Q,dq) satisfies both a Gehring—Hayman condition
and a ball separation condition.
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The main point in Theorem 1.2 is the necessity of the Gehring-
Hayman and ball separation conditions; their sufficiency is already
given in [BB, Theorem 2.4 and Theorem 6.1].

Above, annular quasiconvexity means that there is a constant A > 1
so that for any x € X and all 0 < r’ < r each pair of points y, z in
B(x,r)\ B(z,r’) can be joined with a path v,, in B(x, Ar)\ B(x,'/\)
such that length(v,.) < Ad(y, z), Q-regularity requires the existence of
a constant Cy so that

r?/Cq < p(B(w,1)) < Cqr?

for all » > 0 and all € X, and the other concepts are defined anal-
ogously to the Euclidean setting described in the beginning of our
introduction. See Section 2 for the precise definitions. In fact, the
assumptions of Theorem 1.2 can be somewhat relaxed, see Section 5.

This paper is organized as follows. Section 2 contains necessary defi-
nitions. In Section 3 we give preliminaries relating the quasihyperbolic
metric and Whitney balls. Section 4 is devoted to the proof of our
main technical estimate, and Section 5 contains the proof of our main
result and some generalizations.

2. DEFINITIONS

Let (X, d) be a metric space. A curve is a continuous map v: [a, b] —
X from an interval [a,b] C R to X. We also denote the image set
v([a, b]) of v by 7. The length £4(7y) of v with respect to the metric d

is defined as
m—1

la(7y) = sup Z d(y(ti), v(tit1)),
i=0
where the supremum is taken over all partitions a = t) < t; < --- <

tm = b of the interval [a,b]. If £4(7) < oo, then v is said to be a
rectifiable curve. When the parameter interval is open or half-open,
we set
Ca(y) = sup La(Vc,a),

where the supremum is taken over all compact subintervals |c, d].

When every pair of points in (X, d) can be joined with a rectifiable
curve, the space (X,d) is called rectifiably connected. If ly4(7y.,) =
d(z,y) for some curve 7,, joining points z,y € X, then ~,, is said
to be a geodesic. If every pair of points in (X, d) can be joined with a
geodesic, then (X, d) is called a geodesic space. Moreover, a geodesic ray
in X is an isometric image in (X, d) of the interval [0, c0). Furthermore,
for a rectifiable curve v we define the arc length s: [a,b] — [0, 00) along
v by

s(t) = La(V]a.)-

Let (X,d) be a geodesic metric space and let 6 > 0. Denote by

[z, y] any geodesic joining two points x and y in X. If for all triples of
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geodesics [z,y], [y, 2], [z, 2] in X every point in [z, y] is within distance
d from [y, z] U [z, z], the space (X, d) is called d-hyperbolic. In other
words, geodesic triangles in X are d—thin. Moreover, we say that a
space is Gromouv hyperbolic if it is é—hyperbolic for some 6. All Gromov
hyperbolic spaces in this paper are assumed to be unbounded.

Next, let (X, d) be a locally compact, rectifiably connected and non—
complete metric space, and denote by X, its metric completion. Then
the boundary 9,X := X4\ X is nonempty. We write

d(z) :=distg(z,0,X) = inf{d(z,2) : v € 0, X}

for z € X.
Given a real number D > 1, a curve 7: [a,b] — X is called a D~
quasiconver curve if

la(y) < Dd(v(a), (b))
If ~ also satisfies the cigar condition

min{lq(V|a,q), Ca(Y|@e)} < Dd((t))

for every t € [a,b], the curve is called a D-uniform curve. A metric
space (X,d) is called a D—quasiconver space or D—-uniform space if
every pair of points in it can be joined with a D—quasiconvex curve or
a D—uniform curve respectively.

Let p: X — (0,00) be a continuous function. For each rectifiable
curve v: [a,b] — X we define the p-length £,(y) of v by

b= [ s | 'l (1)) ds(r).

Because (X, d) is rectifiably connected, the density p determines a met-
ric d,, called the p-metric, defined by

dp(l"a y) = ifnf gp('yxy)’

where the infimum is taken over all rectifiable curves ~,, joining z,y €
X.If p=1, then £,() = £4(7) is the length of the curve v with respect
to the metric d, and the metric d, = ¢, is the inner metric associated
with d. Generally, if the distance between every pair of points in the
metric space is the infimum of the lengths of all curves joining the
points, then the metric space is called a length space.

If we choose |

we obtain the quasihyperbolic metric in X. In this special case, we
denote the metric d, by k and the quasihyperbolic length of the curve
v by £(y). Moreover, [z, y], refers to a k—geodesic (i.e., quasihyperbolic
geodesic) joining points z and y in X. Because we are dealing with many
different metrics, the usual metric notations will have an additional
subscript that refers to the metric in use. For ease of notation, terms
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which refer to the metric d, will have an additional subscript p instead
of d,,.

We say that (X, d) satisfies a ball separation condition if there is a
constant Cps > 1 such that for each pair of points x,y € X, for every
k-geodesic [z,y]y C X, for every z € [z, yl;, and for every curve ~,,
joining points z and y, it holds that

(BS) Bi(z, Cusd(2)) NYay # 0.

Thus the condition says that the ball By(z, Chsd(z)) either includes at
least one of the endpoints of the k—geodesic or it separates the end-
points. This condition was introduced in [BHK, §7]. We also say that
(X, d) satisfies the Gehring—Hayman condition if there is a constant
Cgn > 1 such that for every k-geodesic [z, y]) it holds that

(GH) Ca(lz, ylk) < Canla(Vay),

where 7, is any other curve joining x to y in X.

Following [BB|, we say that (X, d) is minimally nice if (X,d) is a
locally compact, rectifiably connected and non—complete metric space,
and the identity map from (X,d) to (X,£;) is continuous. If (X,d)
is minimally nice, then the identity map from (X,d) to (X,k) is a
homeomorphism, and (X, k) is complete (see [BHK, Theorem 2.8]); in
particular, (X, k) is proper (i.e.closed balls are compact) and geodesic
(recall the Hopf-Rinow theorem).

Furthermore, we define a proper, geodesic space (X, k) to be K-
roughly starlike, K > 0, with respect to a base point w € X if for every
point x € X there exists some geodesic ray emanating from w whose
distance to z is at most K.

Let p be a Borel regular measure on (X, d) with dense support. We
call p a conformal density provided it satisfies both a Harnack inequality
HI(A) for some constant A > 1:

1
HI(A) — < plx) <A forall z,y € By(z,3d(z)) and all z € X,

AT ply)
and a volume growth condition VG(B) for some constant B > 0 :
VG(B) to(By(z,7)) < Br®  forall z € X and r > 0.

Here 1, is the Borel measure on X defined by
po(E) = / o du for a Borel set F C X,
E

and () is a positive real number. Generally ) will be the Hausdorff di-
mension of our space (X, d). There is nothing special about the constant
% in condition HI(A): we may replace it by any constant 0 < ¢ < %, ac-
tually by any constant ¢ € (0, 1). Suppose that we have fixed 0 < ¢ < %

Then each ball By(z, cd(z)) is called a Whitney type ball.



6 P. KOSKELA, P. LAMMI AND V. MANOJLOVIC

In general, we say that (X, d, p) is Q-upper regular for some Q) > 0
if there is a constant C, > 1 such that
(2.1) p(Ba(z,1)) < Cur?

for each z € X and every r > 0. We also say that (X, d, u) is Q-regular
on Whitney type balls for some () > 0 if there are constants Cy, > 1
and 0 < € <1 such that

(2.2) Cr9 < u(By(z,7)) < Cyr®
for each z € X and every r < ed(z)/2.

3. THE METRIC MEASURE SPACE (X, d, /i)

Let (X,d, 1) be a minimally nice metric measure space so that the
measure / is Borel regular and (X, k) is Gromov hyperbolic. Let w € X
be a base point. We define two deformations by setting

_ Pe(2)
d(z)

for a given € > 0. This generates a metric space (X, d,) with

de(z,y) = 1inf l(7yy) = inf/ pe(2) dsy, = inf/ oe(z)ds,
Try Yy

Yy Yzy Yoy

pe(z) = exp{—ck(w,z)} and o.(2)

where the infimum is taken over all curves ~,, joining points x and y in
X, and dsy, = ds/d(z) denotes the quasihyperbolic arc length element.
For ease of notation we write d. instead of d,.. We also refer to the
metric d. via an additional subscript ¢; for instance X, denotes the
metric completion of (X, d.). If @ > 0 is fixed we also attach the Borel
measure du.(z) = o.(2)?du(z) to (X, d,).

Because (X, k) is geodesic, for a given z € X and geodesic [w, x|, we

have that - 1
de(w, ) < / pedsy < / e tdt ==,
[w,x] 0 €

Thus (X, d.) is always bounded. Moreover, by the triangle inequality
the density p. satisfies a Harnack type inequality:

ek (x pe()
(3.1) exp{—ek(z,y)} < )

forall z,y € X and all € > 0. We also obtain that the density o, satisfies
the Harnack inequality HI(A) with the constant A = 3 exp{2¢} :

1 1 o.(a)
3ep{=29 < gep{—dla)} < T

< 3exp{ek(x,y)} < 3exp{2¢}

for all 2,y € Bq(z, 1d(2)) and for every z € X.
Bonk, Heinonen and Koskela proved in [BHK, §4 and Theorem 5.1|
that there is ¢y > 0 depending on § such that the metric space (X, d,)

< explek(z,y)}
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is D.—uniform for every 0 < € < ¢y, where k-geodesics serve as D .~
uniform curves with D. = D(J, ¢, €9) > 1. Especially, we have a version
of the Gehring—Hayman condition: there is a constant D, > 1 such
that when € < ¢,

(3.2) Ce([z,ylk) < De&(%cy)

for each k-geodesic [z, y]; in X and for each curve ., joining x to y
in X. Furthermore, if (X, k) is K-roughly starlike with respect to the
base point w, then by [BHK, Lemma 4.17] we have that

~ou@)d(x) = ~pulr) < du(a)

(3.3) < 2ok} =L 0

p e(x)d(x)

2 K} -1
_2exp{ek) -1
for all € > 0 and every z € X. Thus there exists ¢ = ¢(d, K) € (0,1)
such that

(3.4) cek(z,y) < ke(z,y) < eck(x,y)

for all x,y € X and every 0 < € < ¢y, where k. is the quasihyperbolic
metric derived from d..

Moreover, we obtain from [BHK, Theorem 6.39] that Whitney type
balls in (X, d.) are also Whitney type balls in (X, d). To be more spe-
cific, let

(3.5) Co = max{3 expq{2¢}, €oe, 2exp{eoR} — 1 }
€0

Then

(WBL1) Be(z,ed.(2)) C By(z,eCid(2))

whenever z € X and 0 < ¢ < min{e, 357 }. Furthermore, if (X, d)
0

is a D—quasiconvex space then Whitney type balls in (X, d) are also
Whitney type balls in (X, d,) :

(WB2) By(z,€d(z)) C Be(z,eDC3d.(2))

whenever z € X and 0 < ¢ < min{eg, g5}

Moreover, if (X,d, ) is Q-regular on Whitney type balls and Q-
upper regular then (X, d., p1¢) is Q-regular on Whitney type balls when
€ < min{e, ﬁ} Indeed, let z € X and let r < ed (2) < 1d.(z). From

(WB1) we obtain that
(3.6)  B(z,7) C B(z2,€d(2)) C Ba(z,eCid(2)) C By(z,d(2)/2),



8 P. KOSKELA, P. LAMMI AND V. MANOJLOVIC

and by HI(A) it follows that B.(z,7) C By (z, e ) Now, because p
is Q—upper regular, with HI(A) it follows that

4e(Bu(z, 1)) = / (o)t
Ao (2))% du(u
< (Ao(2)) /Be(m u(u)

< (Aae(z))Q,u<Bd (z, %T))
< A%C,r9.

(3.7)

The lower bound follows similarly: when (X, d) is D-quasiconvex, by
HI(A) we have that By(z r) C Be(z,r). Thus HI(A) together

with (2.2) yields

1e(Bu(z7)) = / ( (o) )

> (% ) [,
Be(z,r)
> (70) (s ( )
—_—
oe(2)
1\2@ 1

> (= @
= (A) Dec,’

Let @ > 1 and let (X, d, 1) be a minimally nice D—-quasiconvex and
(Q—upper regular space so that the measure p is Q-regular on Whitney
type balls and (X, k) is a K-roughly starlike Gromov hyperbolic space.
Let the constants ¢; and Cj be as in the paragraph containing (3.2) and

(3.5). We may define a Whitney covering of the space (X, d., y.) when
e < min{e, %, #}, see e.g. [CW, Theorem III1.1.3], [MaSe, Lemma
0

2.9, [HKT, Lemma 7] and [KL, §3].

Let 7(2) = ed.(2)/50. From the family {B.(z,r(z))}.ex of balls we
select a maximal (countable) subfamily {B.(z;,r(2;)/5) }ier of pairwise
disjoint balls. We write B = {B;}ics, where B; = B.(z;, ;) and r; =
r(2;). We call the family B a Whitney covering of (X,d.). We list the
basic properties of the Whitney covering in Lemma 3.1. As in [KL,
Lemma 3.2|, the property (iv) is a consequence of the @Q-regularity
condition of 1. on Whitney type balls, and the property (v) follows from
the proof of Lemma 3.2 in [KL]| via uniformity and the Q-regularity
condition of p. on Whitney type balls.

1
? ADoe(z)

Lemma 3.1. There is N € N such that
(i) the balls Be(z;,r;/5) are pairwise disjoint,
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(H) X = Uie[ Be(zia ri)a

(iv) Yoo XB.(s5rn) () < N for all x € X.

Furthermore, suppose d.(x,y) > d.(x)/2 and let vy be a D—uniform
curve joining x to y. There exists a constant C, > 0, that depends
quantitatively on € and the hypotheses, such that

(v) C;lNe(ﬁ,y) <l (Vay) < CeNe(z, ),
where Nc(z,y) is the number of balls B € B intersecting Yy, .

Fix a ball By from the Whitney covering B and let 2z, be its center.

We define the shadow S(B) of a ball B € B by
S(B)={r € X :5BN|z,x]x #0}.
For n € N we set
B, ={Bi € B:n<kdz,z)<n+1}.
Similarly as in [KL, Lemma 3.3 and Lemma 3.4] we may prove, when
e < min{e, 8%, ﬁ}, that there is a constant C, > 0 that depends
0

quantitatively on € and the hypotheses, such that

(3.9) Z xsB)(r) < Co.

BeB,
4. THE MAIN LEMMA

Next we prove a lemma which is the central tool for proving our
main theorem. From now on we assume that @ > 1, (X,d,u) is a
minimally nice ()—upper regular D—quasiconvex metric measure space
such that the measure p is Q-regular on Whitney type balls and (X, k)
is a K-roughly starlike Gromov hyperbolic space. We also assume
that (X, d., i) is a deformation of (X, d, ) as described above, where
w € X is a base point, ¢ > 0 is as in the paragraph containing (3.2),
Co>1asin (3.5) and 0 < e < min{eo, g5, ﬁ}

Lemma 4.1. Let u € X be a point and v C X be a curve such that
diste(u, ) < min{C1d.(u), Cy diam,(y)}
for some Cy,Cy > 0. Then there exists a constant M > 1 that depends
quantitatively on € and the constants in our hypotheses so that
distg(u,v) < Md(u).

Before giving a detailed proof for the above lemma, let us briefly
discuss potential approaches. One would like to prove the claim via a
suitable modulus of curve families argument. Indeed, the assumptions
on 7 seem to indicate that the modulus of the family of curves join-
ing v to Be(u,d(u)/2)) should be bounded from below. On the other
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hand, (X, d) is “conformally equivalent” to (X, d,) and the converse to
the claim for large M should then contradict this lower bound. The
obstacle here is that there need not be such a lower bound for the
modulus. What we will do is consider a suitable Whitney decomposi-
tion, attach to it a “discrete test function for the modulus”, integrate
over 7y against a suitable measure, and eventually use the upper volume
growth condition to bound M.

Proof. Suppose that for a fixed M > 2 thereisu € X and a curve ~ such
that dist.(u,v) < min{Cid.(u), Cy diam.(y)} but disty(u,y) > Md(u).
We will show that such an M has an upper bound in terms of our data.
Towards this end, let us fix u and v as above. By replacing v with a
suitable subcurve of v, we may assume without loss of generality that

v C Be(u,2Cd (u)),

where C' = max{Cy, C;/Cs}.

Let B be a Whitney covering of (X, d., i) as in Section 3. We
choose B.(u,r(u)) as the fixed ball By € B. Let @ € 9;X be such that
d(u) = d(u, ). Let y € v and let [u, y]; be a k—geodesic joining u to y.
Moreover, let I, J, C N be index sets defined by setting

I,={i e N:B; € B, [u,y]l N 5B; N By(u, Md(u)) # 0}
and
J,={j € N:Bj € B, [u,ylp N B; N By(u, Md(u)) # 0}.

Then ) # J, C I,. Let § € [u,y], be the first point in [u,y]; as the
path is traversed from u to y such that § ¢ By(u, Md(u)). Thus [u, 7]
is a subcurve of [u, y|, in By(u, Md(u)).

We may assume that [u, 7], is not entirely contained in any 5B;,
i € I,. Indeed, if [u,y], C 5B;, then (WB1) guarantees that d(u,y) is
no more than a constant multiple of d(«). Thus a bound for M would
immediately follow.

(X, de) (X, d)

o

0e X 9qX

~

FIGURE 1. Figure of the setting of Lemma 4.1
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Subclaim. We have that

P diamg(B;)
4.1 >1
(4.1) log(M — 1) ; distyq(B;, @) —

where P > 1 is a constant that depends only on ¢ and on the constants
in the hypotheses.

Towards this end, let [w;, vi|x C [u, §i, ¢ € I, be a subcurve of [u, §l
such that u; is the first point and y; is the last point where [u, g]; inter-
sects 5B;. Moreover, for j € J,, by the reduction before Subclaim, we
may choose a subcurve a; C [u;, y;]s N5B; so that (. (a;) > diam,(B;).

We define g: X — (0,00) by setting

Z dlamd(B) ([L‘)
< log(M — 1) dista(B, @) dlame(B)XSB '

Because k-geodesics are D.—uniform curves in (X, d,), we obtain that

1 diamy(B;)
ds. < o

diam,(B
4.2 <
(42) - log -1) Z distg( BZ,u

Here ds. = o.(z) ds is the arclength element in the metric d..
Moreover, by Lemma 3.1 (iv) and (WB2) we obtain that

1 diamy(By)
ds. > Jj ey

diamgy(B
>
(4.3) - Nlog - 1) Z d1std )

> € Z . d(z;) .
25C2DN log(M — 1) = disty(Bj, 0)

Let j € J,. Because diamy, (B;) < 2=, using (WB1) and (3.4), we
obtain the estimate

/ ds = / d(Zj) ds
[w,y]kNB; [w,y]xNB; d(zj)

2
< 0T ) diam(B,)
(4.4) 50

50 + €C? 1
Td(zj)ce dlaHl]CE (B )
504+ €C? 1

d(z;).

25c 50 —e€

IN

IN
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Combining this with (4.3) and (4.2) we have that

5D€ Z dlamd(BZ)
log(M — 1) e distq(B;, )

- ce 50 — € / 1 d
— s
= C?DN1og(M = 1) 50+ C% £ Jy, ., dista(B;, )

(4.5) S ce 50 — € / 1 s
- ce 50 — € 10g<d(gj,ﬁ)>
~ C?2DNlog(M — 1) 50 + eC? d(u, )
ce 50 — €

>
— C2DN 50 + eC?’

and (4.1) follows.

What we would like to do next is to integrate (4.1) over y € 7. We
know that 7 is a curve of reasonably large diameter in the metric d.,
but the length of v could well be infinite, or v could wiggle. Frostman’s
lemma (cf. [Ma] and |[KL, Theorem 4.1]) provides us with a suitable
substitute for the d.—length measure on ~ : there is a Radon measure
von vy C (X,d.) so that

v(E) < diam.(E) for every E C v, and
(4.6) 1 diam(v)
> ——
)25

Towards the use of the Fubini theorem, recall the definition of the
shadow S(B) of a Whitney ball, that B.(u,r(u)) is our fixed ball and
the definition of B,, from the end of the previous section.

Using (4.1), Fubini’s theorem and Holder’s inequality we obtain that

diamg(
d
V() = /V_IOg M—1) /ZdlstdBZ,u

dlamd
S(B;)N
log -1) Z Z d1std Bz,u v(S(Bi) N7)

=0 B;eB,
1€1y, yEy

diamg( Nl
log -1) <Z Z <d1std Bz,u) )
=0 B;eB,
1€1y, yEy

(S S wisEynE)

n=0 B;eB,
1€1y, yEy

We will complete the proof of our claim by carefully estimating the
terms in (4.7). The key points here are that the upper volume growth
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condition allows us to estimate the first double sum from above by a
multiple of log M and that the geometry of (X, d.) and the properties
of our Frostman measure allow us to cancel v(7) by the indicated power
of the second double sum.

Let us begin by estimating the first double sum in (4.7). Let

A, = Ba(a,2"d(w)) \ Ba(a, 2" 1d(u)).

Pick an integer m with 271 < M 41 < 2™ Write B = By(z, %d(z))
for B = Be(z,7(z)) € B. Given B € B, (WB1) ensures that B C B.
Moreover, if BN A, # 0 for some n € Z, then B C A,_, UA, U

A1 Thus, by the Q—upper regularity condition and the QQ—regularity
condition on Whitney type balls in (X, d) we deduce that

m

diam,(B diamgy(B) \@
Zo Z <d1std B;, ) ) Z Z <W)
"0 D n=0 BeB
1€1, yE’Y BNAn#0
29C,u(B)
= ;% Z (distq(B,u))?
BmAn7£®
L p( By, 27 d(u) N X)
(4.8) < 290, (5DCy) an 2" 2d(u))?

<213 C(5DCH?(m + 1)
< 2493 C(5DCH)% log M.

Above, in moving from the second line to the third, we used the
pairwise disjointness of the balls : B, (WB2) and the Q-regularity of u
on Whitney type balls.

Let us then estimate the second double sum in (4.7). Let B; € B,
where ¢ € I, with y € v, and let z; € B, be its center. Because k—
geodesics are D.—uniform curves and dist,(u, y) < min{Cd.(u), Cy diam.(7)},
we conclude that

d,(z) < do(u) + D, dist, (u, ) + 1—€Od€(zi)
< (14 D.Cy)d.(u) + 1—€0d€(zi),
and thus
. 7 < PPN €
(4.9) do(z) < o (1+ D.C)d.(u)
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We also know that B(u,edc(u)) C Ba(u, 3d(u)) C Bq(u, Md(u)) and
v N By(u, Md(u)) = (). Especially v N B,(u, ed.(u)) = 0 and hence

d.(z) < d.(u) + D, dist (u,7) + —d.(z)

10
1
< —diste(u,y) + D dist(u,y) + 1—60d€(zl-).
€
Thus
10 1+ e€D. )
. ) < .
(4.10) de(z;) < T— Cy diam,(7)

If B; € B, since (X, d,) is a D.—uniform space, by [BHK, Lemma 2.13]
we have that

de(u, z;) )

(4.11) n < ko(u, z;) < 4D 10g<1 + e

Moreover, since k-geodesics are D.—uniform curves in (X, d,), (4.10)
implies that

de(u, z;) < D.dist,(u,vy) + 1—€0de(zi)

) Cy diam, (),

< (De+1+€D€

— €

and thus (4.9), (4.11) and this give us when n > 4D? that

de(z) < 10— 6(1 + D.Cy) min{d.(u), d(z;)}
10 de(“a Zz)
< 1+ D _
(4.12) S0 PO -

< 9ip 2010+ 10D.C)(10Dc + 1)
- (10 — €)?

Cy diam (7).

Because k—geodesics are D.—uniform curves in (X, d.) and v C B.(u, 2Cd(u)),
it easily follows that there is a constant Cg only depending on D, and
C so that

(4.13) diam.(S(B;) Nv) < Csdiam,(B;)
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for each y € v and every ¢ € I,. Now, inequalities (3.9), (4.6), (4.13),
(4.10) and (4.12) yield

S Y wSB)n)TT <

1

max (v(S(B;) N7))7T Y v(S(B;)N7)

gMg

n=0 B;EBy, foffgﬂ/ Bi€By,
i€ly,yEy i€ly,yey
O max ( (diam, (S(B;) N 7))@t
n=0 i€ly,yey
eCi\ o1 = 1
(4.14) < Go(F2) V) Yo max (A=)
n=0 i€ly,yey

< C'v(y)(diam, (7))@,

where C” > 0 is a constant depending on e and the hypotheses.
Combining (4.8) and (4.14) with (4.7) we obtain

1
»_(log M)
log(M — 1)
Inserting (4.6) we conclude that

v(7) < C v(7) T (diam, (7))
log(M)

(log(M — 1))@
This gives the desired upper bound on M and the claim follows. [

1 <60(C")“

5. PROOF OF THEOREM 1.2
We begin by proving the following theorem.

Theorem 5.1. Let QQ > 1 and let (X, d, 1) be a minimally nice Q-upper
reqular D—quasiconvex space such that the measure p is Q—regular on
Whitney type balls. Suppose that (X, k) is a K-roughly starlike Gro-
mouv hyperbolic space. Then (X,d) satisfies both the Gehring—Hayman
condition and the ball separation condition.

Proof. Let us first prove that (X, d) satisfies the Gehring-Hayman con-
dition. Because (X, k) is Gromov hyperbolic and K-roughly starlike,
(X, d., ) is uniform for a deformation as in Section 3 with respect to a
base point w € X, where we choose € < min{e, %, ﬁ}, where ¢y > 0

is as in the paragraph containing (3.2), with Cy > 1 as in (3.5). We
know from (3.7) and (3.8) that the measure . is Q-regular on Whit-
ney type balls. We will consider (X, d, ) as a conformal deformation
of (X,d., i) so that we deduce the Gehring-Hayman inequality from
results in [KL].

Towards this end define p: (X, d.) — (0,00) by setting
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First, let us prove that p satisfies the Harnack inequality HI(A) with
some constant A > 1. Let z € X and = € B(z,ed.(z)). By inequality
(WBL1) and the triangle inequality we obtain that

o d@) (14 €C2)d(2)
(5.1) pla) = exp{—ekq(w,x)} = exp{—e(kq(w,z) + 1)}
< exp{e}(1+€Cg)p(2),
and
L dw) (1— €C2)d(2)
52 P = e eha(w.2)) ~ o —elhaw, z) 1)}
> 1oy
~ exp{e}
Thus, for A = max{exp{2e}(1+€C3)?, (i’i{gg; }, the density p satisfies
o )
(5.3) A<l <a

for all z,y € Be(z,ed.(z)) and each z € X.
The density p also satisfies the volume growth condition VG(B) with
the constant B = C,D?. Indeed, observe that

ds(z,y) = inf/ p(z)ds.(z2)

Yzy

(5.4) = inf/ (0c(2) oe(2) ds(z)

Yy
= inf ly(7Vay),
Yy

where the infimum is taken over all curves 7., joining points = and
y. Since (X, d) is D—quasiconvex, it follows that (X, d;) is bi-Lipschitz
equivalent to (X, d) and furthermore, we have that B;(z,r) C By(z, Dr)
for all z € X and r» > 0. Thus from the )—upper regularity condition
(2.1) it follows that

pa(B(zvr) = [ )@ duta)

Bﬁ(z"r)

_ /B ) )<a€<x>>Q<a€<x>>Qdu<x>

= p(Bs(z,7))
< (Ba(z, Dr))
< C,D9%¢
for every z € X and r > 0.
Hence, p is a conformal density. The corresponding deformation of

the metric space (X, d.) with p results in an inner metric space (X, ¢4)
which is bi-Lipschitz equivalent to the original metric space (X,d).

(5.5)
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We aim to apply |KL, Theorem 1.1] which gives a Gehring-Hayman
condition for conformal deformations of certain uniform spaces. As
stated in |[KL| this theorem applies in our setting to quasihyperbolic
geodesics with respect to the metric d. but not directly to the geodesics
[z, y]x. However, the proof in [KL]| gives the estimate

Ca (ﬂvy) < Oghgd(%cy)

for each D .—uniform curve (3,,, with Cyg, depending only on D, and the
data associated to our conformal deformation and (X,d,, u.). Recall-
ing that each quasihyperbolic geodesic [z, y; is a D.~uniform curve in
(X, d,), the Gehring-Hayman condition follows.

Let us now prove that (X, d) satisfies the ball separation condition.
Let z,y € X, u € [x,y]x and v, C X be a curve joining x and y. Let
(X, d., pe) be the deformation of (X,d, ) as before. We may assume
that £.([z,u]r) < l([u,ylx). Because [z,y] is a D.—uniform curve in
(X, d,), we have that

diste(u, Yay) < le([z, ulp) < Dedc(u),

and
diSte(u7 %y) S Ee([‘%‘? u]k) S D€ dia’me(ryl‘y)‘

Thus assumptions of Lemma 4.1 hold, and hence there is a constant
Cps > 1 depending on € and the hypotheses such that

vy N Bd(u, C’bsd(u)) 7é Q)
U

Balogh and Buckley proved in [BB, Theorem 2.4 and Theorem 6.1]
that, for a minimally nice length space (X, d) that satisfies both the
Gehring-Hayman condition and the ball separation condition, the as-
sociated space (X, k) is Gromov hyperbolic. Therefore we have the
following corollary to Theorem 5.1.

Corollary 5.2. Let Q > 1 and let (X,d,p) be a minimally nice Q-
upper reqular length space such that the measure p is QQ-reqular on
Whitney type balls. Suppose that (X, k) is K -roughly starlike. Then the
quasihyperbolic space (X, k) is Gromov hyperbolic if and only if (X, d)
satisfies both the Gehring—Hayman condition and the ball separation
condition.

Now we are able to deduce Theorem 1.2.

Proof of Theorem 1.2. From [BB, Theorem 3.1] it follows that (2, k) is
K-roughly starlike, because (X, d) is annularly quasiconvex and 2 C X
is a bounded and proper subdomain. Hence the claim follows from
Corollary 5.2. 0
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