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Abstract We study higher dimensional counterparts to the well-known theorem of Pavlovié¢
(Ann. Acad. Sci. Fenn. Math. 27, 365-372, 2002), that every harmonic quasiconformal
mapping of the disk is bi-Lipschitz.
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1 Introduction

In his influential paper [21] Pavlovic showed that harmonic quasiconformal mappings of
the unit disk D onto itself are bi-Lipschitz mappings. The paper has initiated an extensive
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investigation between the Lipschitz conditions and harmonic quasiconformal mappings, see
e.g. [1,2,11, 12, 14, 15, 20] and their references.
In this paper we study counterparts of Pavlovic’s theorem in higher dimensions.

Theorem 1.1 Suppose f : B> — B3 is a harmonic quasiconformal mapping, which is also
a gradient mapping, that is { = Vu for some function u harmonic in the unit ball B3. Then
f is a bi-Lipschitz mapping.

In two dimensions Pavlovic made a deep and detailed analysis of the boundary values of
f; analysing them he achieved the Lipschitz-property for every harmonic quasiconformal
mapping of the disk. In higher dimensions Pavlovic’s approach seems difficult to work
with; instead it would seem conceivable that the Lipschitz-property follows by the regularity
theory of elliptic PDE’s. In fact, such an approach was done by Kalaj [12]. However, the
proof in [12] is rather long and technical, and one of the purposes of this note is to give a
simple and self-contained argument showing the Lipschitz property in all dimensions.

Thus the main difficulty is to find lower bounds for | f (x) — f ()| in terms of the distance
between x and y. In general dimensions it is not even known if harmonic quasiconformal
mappings of the ball have all a non-vanishing Jacobian. On the other hand, in three dimen-
sions Lewy [17] proved that for homeomorphic harmonic gradient mappings the Jacobian
determinant has no zeroes, and building on this together with work of Gleason and Wolff
[7] one arrives at Theorem 1.1.

2 Lipschitz Properties in Higher Dimensions

We start with Lipschitz properties for harmonic quasiconformal mappings of the ball, and
consider Lipschitz bounds in more general domains in subsequent sections.

Theorem 2.1 Ifn > 2 and f : B" — B" is a harmonic and K -quasiconformal mapping,
then

| f(x) = f)| < Lix —yl, x,y €B”,
where L depends only on the distortion K, dimension n and dist( f(0), st—1.

Here and in the sequel K = K (f) denotes the linear distortion of f, the smallest number
1 < K < oo such that the bound

max [0s f(2)] < Krrgn [0a f ()]

for the directional derivatives of f holds almost everywhere.
For the proof of Theorem 2.1 we only need the Sobolev embedding, which we use in the
following local form.

Lemma 2.1 Suppose that w € Wﬁ,’g B N CB), that h € LP (B") for some 1 < p < 0o
and that

Aw =nh inB", withw

sn—1 :0
a) Ifl < p <n, then

N |-
S| =

1
IVwllLa@ry < c(p, m)hllLr @, 7 =
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b) Ifn < p < oo, then
IVwllLomny < c(p, mIAllLr@n-

The standard proof of Lemma 2.1 follows from the fact that one can represent w in terms
of the Green’s function Gg: (x, y) of the unit ball,

w(x) = /IBS" Gpn (x, Y)h(y)dm(y), x € B".

The Green’s function and its gradient

x—y y — Iyl%x
ViGp (x,y) = c1(n) S T
x — I |y = 1yl
can be explicitly calculated. Since |y||x — y| < |y — |y|?x| for all x, y € B", the gradient is
bounded by
IVyGpn (x, y)| < 2c1(n)|ly —x|'™ for x,yeB"

Therefore |Vw| pa@wry < cllZihllLa@ny, where Z¢h denotes the Riesz potential of order
s. Thus Lemma 2.1.a) reduces to the well known boundedness properties of the Riesz
potentials,

I ZshllLa®ey < c(s, p, q, m)|Ih]lLr@ny, ! = L i,
q p n
given e.g. in [22, p.119]. The bound in b) is easier and follows from Holder’s inequality,
since y > |x — y|!=" € L4(B") for every 1 <¢q < 5.
The above local form of Sobolev’s embedding yields a quick proof for the following

Corollary 2.1 Suppose w € W,zo’c1 B") N CB"), n > 2, is such that

w

g1 =0, with [En [Vw|PY dm < oo for somen < py < o0. 2.1)
If w satisfies the following uniform differential inequality,

[Awx)| < alVw@x)|? +b,  xeB, (2.2)
for some constants a, b < oo, we then have
IVw|lpoomny < M < 00, (2.3)

where M = M(a, b, po, n, |Vw| p,). In particular, w is Lipschitz continuous.

Proof According to Eq. 2.2 we have

Aw(x) = h(x), for a.e.x € B", 2.4)

where
h(x) = c(x) (|Vw(x)|2 + 1) 2.5)
and ||cllcc < max{a, b}; one can simply define c(x) = Aw(x) (|Vw()c)|2 + 1)_1 for

almost every x € B".
Here by our assumptions Vw € LP°(B"). However, with Sobolev embedding one can
improve this integrability, up to

Vw € L*(B") where s > 2n. (2.6)
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Indeed, if po/2 < n < po, then h(x) = c(x) (|[Vw(x)[* + 1) € LP/%(B"), and (2.4) with

Lemma 2.1 a) give

_ _pon
2n — po

Vw e LP'(B"), D1 > po, 2.7)

which is a strict improvement in the integrability.
To quantify this, note that if initially po = (1 4 ¢)n, ¢ > 0, then

pont Sn > (142¢)n

pl=2n—p0=1—s

Thus one can iterate this feedback argument, getting Vw € LP¢(B"), £ =0, 1,2, ... with
pe > (1+ 28e)n, until the condition (2.6) is reached. (If it happens that for some exponent
pe = 2n, we can choose pg little smaller so that this degeneracy does not happen.)

And once Eq. 2.6 is achieved, (2.4)-(2.5) with Sobolev embedding, Lemma 2.1 b), give
IVwl|ls < oo. The proof also gives a bound for || Vw ||~ that depends only on the constants
a and b, the exponent pg and the initial norm |[|z]| 5,2 < max{a, b}(||Vw||%0 + 1). O

Remark 2.1 1t is interesting to note that the above iteration argument fails if in Eq. 2.1 one
assumes integrability only for some 1 < pg < n. Thus higher integrability, and Gehring’s
theorem [6] in case of quasiconformal mappings, become particularly useful also here.

Remark 2.2 One can replace the zero boundary values in Eq. 2.1 e.g. by the require-
ment wig, | € cle by considering w — P[w], where P[w] is the Poisson integral of
w. Similarly, by properties of the Green’s function the conclusions can be improved to
[VwllLoo@ny + lwllcregy <M <00, 0 <a < 1.

We can now turn to proving the Lipschitz bounds for harmonic K-quasiconformal

mappings f = (f!,..., f*) : B" — B". For this note that the mere harmonicity gives
AU =2V 0P =1
Thus any “reasonable” function of f!, ..., f” will satisfy the differential inequality (2.2).

To get uniform Lipschitz bounds, we need in addition some normalisation such as vanishing
on the boundary S" !, like in Eq. 2.1. Therefore a convenient choice for our purposes is e.g.

wx) =1—[f(0)

Proof of Theorem 2.1 We first recall Gehrings famous theorem [6] which gives for every
quasiconformal mapping f : R” — R” the higher integrability

f IDf(x)|?dm < C < o0, p=pmn, K)>n, 2.8)
IB"

where for mappings of the whole space R", the constant C depends only on n and distortion
K(f).

Incase f : B" — B”" is K-quasiconformal, we can compose f with a Mobius transform
¥ preserving the ball, such that f o ¢ (0) = 0. With Schwarz reflection one can then extend
f oy to R" and apply Eq. 2.8 to this mapping. Unwinding the M&bius transform, i.e. after
a change of variables, we see that any K-quasiconformal mapping f : B" — B” satisfies
(2.8) with C = C(n, K, dist(f~1(0), "™ 1))

If in addition f is harmonic, consider the function

wx)=1—[fx) x € B".
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Since quasiconformal mappings of B”" extend continuously to the boundary, w(x) satisfies
the assumptions of Corollary 2.1. For the condition (2.2) note that w = u o f where

u(x)=1—|x> with Vu(x)= —2x, x € B".
Thus Vw(x) = Df'(x)Vu(f(x)), so that

2
% @NDf@)] = [Vwx)] = 2|f ()] Df ()] 2.9

with
|Aw)| =2IDf I < 22*IDf 0P, x eB".
where || Df (x)||? denotes the Hilbert-Schmidt norm of the differential matrix.
The above already establishes Eq. 2.2. However, to see the explicit dependence of
a and b on properties of the mapping f we first note that there is a constant § =
8(n, K, dist(f(0), S"~1)) such that

I1—|x|+|fx)] =6 >0, for allx € B". (2.10)

Indeed, quasiconformal mappings of B” are rough isometries in the hyperbolic metric [23].
Thus either e (f(x), £(0)) = 1+ hpr (f(0),0) = hgn(f(x),0) > Land | f(x)| = &,
or else we have hgn (x, 0) < c(K)(1+hg (f(x), £(0))) < c(K)(2+hgn(f£(0),0)). In the
latter case, 1 — |x| > =™ where M := ¢(K)(2 + hp» (f(O), O)). Thus Eq. 2.10 holds, and
we have

4 2 K2 2 4 2
|Aw| < 8%[(1 — x>+ [ f@PUDf @) < 8—2"|Vw|2 - Eiz(l — [xD?IDf ().

The last term is controlled by basic ellipticity bounds [10, p.38], i.e. the Bloch norm bounds
(A = xDIDf )] < el flloo (2.11)

valid for every harmonic function. Thus (2.2) holds with a = K 202872 b = 4n%c(n)?282,
so that Vw € L*°(B") by Corollary 2.1.
Similarly (2.9)—-(2.11) give

IDFI = 501~ el + 1 fDIDf o) = S 4 K

so that f is a Lipschitz mapping, with an explicit bound L = L (n, K, dist(f(0), S"~! )) for
its Lipschitz constant. O

3 Co-Lipschitz Mappings

We say that a mapping f defined in a domain € C R” has the co-Lipschitz property with
constant 1 < L, if

1
&) = fIz Tle=yl Vx,yeq. (3.1

The inverse of a K-quasiconformal mapping is also K-quasiconformal mapping, but for
harmonic f the inverse f~! is not in general harmonic. Hence even for harmonic quasi-
conformal mappings of the ball, the co-Lipschitz property does not follow from Theorem
2.1.

Naturally, for mappings in Eq. 3.1 the Jacobians are non-vanishing everywhere. In
dimensions n > 3, the Jacobian of a harmonic homeomorphism may vanish, see e.g.

[, p.26], and therefore the co-Lipschitz property is a more subtle problem than in dimension
n=2.
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On the other hand, for quasiconformal mappings we have the following geometric notion
of an average derivative, see [3, Definition 1.5],

1
ay(x) =exp (;(log Jf)BX> . 3.2)
Here
1
(log J¢) X:7/ logJrdm, B, = B(x,d(x,0RQ)).
ST s J, :

Since for a quasiconformal mapping, the Jacobian J ¢ is an Ao-weight, a y (x) is comparable
1/p
to (m / B, J}’ > for every 0 < p < 1, and hence we could have used such averages as
well. On the other hand, in the case n = 2 and f conformal we have
ap@) =1f' @)l

and therefore the above choice (3.2) appears a natural one. Furthermore, we have the
following quasiconformal version of the Koebe-distortion theorem, see [3, Theorem 1.8].

Theorem 3.1 Suppose that Q and Q' are domains in R". If f : Q — Q' is K-qc, then

ld(f(x)aag/)Eaf(x)fcd(f(x),f)g/)
c dx, Q) d(x,082)

for x € Q, where c is a constant which depends only on K and n.

As a step towards the co-Lipschitz properties we next need a version of the classical Hopf
lemma, see e.g. [4, Exercise 1.25]. This is often applied in various contexts for estimating
superharmonic functions in terms of boundary distance. For example, Mateljevi¢ used this
well known approach for harmonic quasiconformal mappings in [19].

Theorem 3.2 Suppose f : B" — Q is a harmonic quasiconformal mapping, with Q C
R" a convex subdomain. Then

af(x) > cod(f(0),02) >0, x B, (3.3)
where the constant co = co(n, K) depends only on the dimension n and distortion K =
K(f).

Proof For every x € B" we have

d(f(x),09) = ir;fd(f(x), p)s

where infimum is taken over all hyperplanes p outside the domain. Since d(f(x), p) =
(f(x),n) + const., where n is a normal to p, the function x — d(f(x), p) is positive and
harmonic in B". We denote this function by %, (x), and for each &, apply the usual Harnack
inequality in B”,
hy(x) > A= B, (0)
T At T
Because d(f(0), p) > d(f(0), 32) we have

1— x|
hp(x) = a

W d(f(0), 09).
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Infimum of the last inequality over all p gives

1 —|x|
d(f(x),0%) > Wd(f(o), 0€2).

Finally, as
d(x,dB") =1—|x|
the last inequality we can write as

d(f(x), 8) _ d(f(0), 982
d(x,0B") ~ 1+ |xpr-1"

Using then Theorem 3.1 and quasiconformality of f we conclude that

af(x) > c(n, K)d(f(0), 08).

Thus one can achieve the co-Lipschitz property if the usual derivative can be estimated
from below by the average derivative. In two dimensions this can be done by the next key
result of the second author, see [18].

Theorem 3.3 Suppose 2, Y C R? are planar domains and f : Q@ — ' a harmonic
quasiconformal mapping. Then log Jy is superharmonic in <. O

Now, we can use the superharmonicity of log J; for the harmonic quasiconformal
mapping f defined in the unit disk B2,

log |Df (z)|* > log J¢(z) > / log J dm = loga ()%, zeB. (34
B,

m(B;)
This estimate combined with Theorem 3.2 proves for every harmonic quasiconformal
mapping from the disk onto a convex domain the lower bound

|;Hl=f1 |Df(2)h] > |Df(D)|/K > af(z)/K > cd(f(0), 02) (3.5

for some constant ¢ > 0. From this we can conclude that f is co-Lipschitz. This gives a
new proof for [13, Cor 2.7]. In fact we have more generally,

Corollary 3.1 Suppose Q2,2 C R? are simply connected domains and f : Q — Q'
is a harmonic quasiconformal mapping. If Q' is convex and the Riemann map of Q has
derivative bounded from above, the f has the coLipschitz property (3.1).

The proof follows by applying (3.5) to f o g, where g : D — Q is the Riemann map.
So in particular, in Corollary 3.1 the boundary of Q2 need not be C!, not even Lipschitz. For
instance, g(z) = 2z — z2 is a conformal map from DD onto a cardioid, with cusp at 1 = g(1).

Similarly, combining (3.4) with Theorems 2.1 and 3.2 we have a new proof for Pavlovic’s
theorem in B2.

To complete the proof of Theorem 1.1 we use an argument analogous to Eq. 3.4 and
Theorem 3.3. First, by Lewy’s theorem [17], if the gradient f = Vu of a (real valued)
harmonic function defines a homeomorphism f : Q — € where Q, Q' C R3, then the
Jacobian J; does not vanish. Further, J; = H., where H, denotes the Hessian of u, and
here we have the theorem of Gleason and Wolff [7, Theorem A] that again in dimension
three, the function logdet(?,) is superharmonic outside the zeroes of the Hessian. We
collect these facts in the following
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368 K. Astala, V. Manojlovié

Theorem 3.4 (Lewy-Gleason-Wolff) Suppose u : @ — R is a harmonic function, such
that f(x) := Vu(x) defines a homeomorphism between the domains Q and Q' C R3. Then

log J¢(z) = logdet(H,) is superharmonic in Q. 3.6)

With these arguments we finally have a proof of Theorem 1.1. Indeed, if f = Vu is a
quasiconformal harmonic gradient mapping in B3 then as in Eq. 3.4, using Theorem 3.4 we
conclude that

ar(x)® < Jp(x) < K(f)? jnf, IDf ()R

Thus when f (B?) = B3, or more generally when the target domain is convex, Theorem 3.2
gives the co-Lipschitz property for f. The Lipschitz-properties follow from Theorem 2.1,
completing the proof of Theorem 1.1. ]

4 Harmonic Quasiconformal Mappings in General Domains

The above approach to higher dimensional Pavlovic’s theorem has a few consequences also
in more general subdomains of R”. To discuss these, we start with the quasihyperbolic
metric introduced by Gehring and Palka in [9]. In this work they used the metric as a tool to
understand quasiconformal homogeneity. The metric has since been studied by number of
different authors.

Definition 4.1 Let D be a proper subdomain of R”, n > 2. We define the quasihyperbolic
length of a rectifiable curve y C D by

I )_/L
K=, de, 9Dy

The quasihyperbolic metric is defined by
kp(x1,x2) = irylf(lk()/)),
where the infimum is taken over all rectifiable curves in D joining x; and x».

Quasihyperbolic metric is invariant under Euclidean isometries and homoteties but it is
not invariant under conformal mappings, it is not even Mdobius invariant. By a result of
Gehring and Osgood [8], for any domain D C R” and points x,y € D there exists a
quasihyperbolic geodesic. Moreover, quasihyperbolic metric is quasi-invariant under con-
formal and more generally under quasiconformal mappings. Namely, there is a constant
0 < C =C(n, K) < oo such that

kp (f(x1), f(x2)) < C - max{kp(x1, x2), k$ (x1, x2)}, = K/,

for all x1, x, € D, whenever f is a K-quasiconformal mapping from D onto D’.

If we deal with harmonic quasiconformal mappings between two general proper sub-
domains of R?, then such mappings are bi-Lipschitz with respect to corresponding
quasihyperbolic metrics [18]. Here we have a generalization of this result in space.

Theorem 4.1 Consider domains Q, 2 C R3, and let f : Q — Q' be a quasiconformal
homeomorphism. If one can represent f(x) = Vu(x) as the gradient of some function u
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harmonic in Q, then f is bi-Lipschitz with respect to the corresponding quasihyperbolic
metrics,

1
Mksz(x, y) < ko (f(x), f(¥) = Mka(x, y), x,y €Q,
where the constant M depends only on the distortion K (f).

Proof From (3.4) and Theorem 3.4 we get ocf(x)3 < Jy(x), x € L. On the other hand,
Df (x) is a vector valued harmonic function, whose norm is subharmonic and thus

3 1 3
IDf I = (B /Bx IDfII? dm < mBy) I, Jydm
< C(K,n) exp[m(; )/B log J; dm] = C(K, n)as(x)?,

where the third inequality follows from the fact that J is an A..-Muckenhoupt weight.
Thus o (x) > infip =1 |Df (x)h] =~ supjp =1 |Df (x)h|, and the claim follows asin [18]. [

The proof of Theorem 1.1 at the end of the previous section gives immediately

Corollary 4.1 Suppose f : B> — Q is quasiconformal. If Q2 is convex and f = Vu is the
gradient of a harmonic function, then f has the co-Lipschitz property (3.1).

Similarly, the method of Theorem 2.1. works for more general domains. We have the
following result of Kalaj [12].

Corollary 4.2 If f : B" — Q is a harmonic quasiconformal mapping, where Q C R" is a
domain with C*-boundary, then f is a Lipschitz mapping.

Proof We take this time w(x) = dist(f(x), d2) near 92, and choose some smooth exten-
sion to 2. Then w satisfies the inequality (2.2), see [12], so that || Vw||sc < 0o by Corollary
2.1 and we obtain the Lipschitz bounds for f as in the proof of Theorem 2.1. O

Collecting the above information we also have

Theorem 4.2 Suppose S is a convex subdomain of R3 with C-boundary, and let f :
B3 — Q be a quasiconformal homeomorphism. If f = Vu is a harmonic gradient mapping
then f is bi-Lipschitz, with respect to the Euclidean metric.

Acknowledgments After this paper was submitted, Kalaj and Saksman [16] studied Lipschitz-regularity
of quasiconformal mappings by using an iteration scheme. The results of [16] and the present paper were
obtained independently.
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