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1. Introduction and preliminaries

Let X be a space of points with generic element of X denoted by x and I = [0, 1]. A fuzzy subset of X is characterized by a
membership function which associates with each element in X a real number in the interval I. Let (X, d) be a metric linear
space and A be a fuzzy set in X characterized by a membership function A. The a-level set of A, denoted by A, is defined by

Ay = {x:A(x) > a} ifa € (0,1]
Ag = {x: A(x) > 0}

where B denotes the closure of the non-fuzzy set B.

A fuzzy set A in a metric linear space is said to be an approximate quantity if and only if A, is compact and convex in X
for each @ € [0, 1] and sup,.x A(x) = 1. We denote by W (X) the family of all approximate quantities in X.

Suppose that A, B € W(X); then A is said to be more accurate than B, denoted by A C B, if and only if A(x) < B(x) for
each x in X, where B denotes the membership function of B. For x € X, we write {x} for the characteristic function of the
ordinary subset {x} of X. We define W°(X) = {{x} : x € X}.

For @ € (0, 1], the fuzzy point (x), of X is the fuzzy set of X given by x, (x) = o« and o # x.

Let IX be the collection of all fuzzy subsets in X and W (X) be a subcollection of all approximate quantities. For A, B €
W(X), a € [0, 1], define

p«(A,B) = inf d(x,y),

Xx€Ay,YE€By

p(A, B) = sup P, (A, B),
o
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Da(As B) = H(Aou B.),
D(A, B) = sup D, (A, B),

where H is the Hausdorff metric H induced by the metric d. We note that P, is non-decreasing function of « and D is a metric
on W(X).

Suppose that o € [0, 1]; then the family W, (X) is given by {A € I¥ : A, is non-empty convex and compact}.

Let X be an arbitrary set, Y be a metric linear space. A mapping T is called a fuzzy mapping if T is a mapping from X into
W (Y), thatis, Tx € W (Y) for each x in X. Thus if we characterize a fuzzy set Tx in a metric linear space Y by a membership
function Tx, then Tx(y) is the grade of membership of y in Tx. Therefore a fuzzy mapping T is a fuzzy subset on X x Y with
membership function Tx(y).

A fuzzy point x,, in X is called a fixed fuzzy point of the fuzzy mapping T if x, C Tx [1].If {x} C Tx, then x is a fixed point
of T.

The following lemmas are needed in the sequel.

Lemma 1 (Heilpern [2]). Let (X, d) be a metric space, withx,y € X and A, B € W (X);

(1) if po(x,A) = 0, thenx, C A;

(2) pa(x,A) < d(x,y) + pa (¥, B);
(3) if x4, C A, then p,(x, B) < D, (A, B).

Lemma 2 (Lee and Cho [3]). Let (X, d) be a complete metric space and T be a fuzzy mapping from X into W (X) with xo € X.
Then there exists an x; € X such that {x1} C Txo.

Zadeh [4] introduced the concept of a fuzzy set which motivated a lot of mathematical activity on the generalization of
the notion of a fuzzy set. Heilpern [2] introduced the concept of a fuzzy mappings in a metric linear space and proved a
fixed point theorem for fuzzy contraction mapping which is the generalization of a fixed point theorem for multi-valued
mappings of Nadler [5]. Estruch and Vidal [1] proved a fixed point theorem for fuzzy contraction mappings in a complete
metric space which in turn generalized the Heilpern fixed point theorem. A further generalization of the result given in [1]
was proved in [6]. Recently Dutta and Choudhury [7] gave a generalization of the Banach contraction principle, which in turn
generalizes Theorem 1 of [8] and the corresponding result of [9]. Very recently Altun et al. [ 10] proved fixed point theorems in
the framework of ordered cone metric spaces. Bose and Shani [11] extended the result of Heilpern to pair of mappings. Sahin
et al. [12] also obtained some common fixed point theorems for fuzzy mappings in quasi-pseudo-metric spaces. Recently
Azam and Beg [13] proved a common fixed point theorem for mappings which satisfy an Alber and Guerre-Delabriere type
contractive condition.

The aim of this work is to establish the existence of a common fuzzy fixed point of generalized contractive mappings
without employing any commutativity condition. Our result generalizes, improves and extends many known results from
related literature [13,14,6].

2. Main results
We begin with the following result:

Theorem 3. Let X be a complete metric space, and T1, T, : X —> W, (X) be two fuzzy mappings on X. Suppose that there exists
a non-decreasing function ¢ : [0, 0c0) — [0, co) with ¢(0) = 0, ¢(t) < t forallt > 0and Z;“;O P"(t) < ocoforallt >0
such that following inequality holds:

Dy (Tix, Toy) < (M(x,y)) + Lmin{py (x, T1X), po (¥, T2¥), Do (X, T2Y), Pa (¥, T1%)} (M
forallx,y € X, where L > 0 and

M(x,y) = max {d(x, V). Pa(. TiX). Pa (v, Toy), 22 ® T29) + P 0, Tr2) } .

2

Then there exists a point x in X such that x, C T1x and x, C T)x.

Proof. Let xy be in X. By Lemma 2, there exists x; in X such that {x;} C T;xo which implies that
Do (X1, T1X9) = 0 foreach« in [0, 1],

which is possible if and only if x; € (T1xg),. Since (T2x1), is a non-empty compact subset of X, there exists x, € (TxX1)q
such that

d(X1, X2) = Po (X1, ToX1) < Do (T1Xo, ToXy).
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Continuing this process, one obtains a sequence {x,} in X such that xo,;1 € (T1X21)¢ and Xany2 € (ToXoni1)e foralln > 0
and d(Xop415 Xan+2) < Do (T1X2n, ToXan+1). Taking x,, for x and x;,,1 for y in the inequality (1), it follows that
d(Xan41, Xont2) < Do(Tixon, ToXang1)
< @(MXan, X2n41)) + Lmin {py (X2n, TiX2n)s Pe K2nr15 T2Xon11) s Pa X2ns ToXans1)s Pa X2n1> T1Xan)} s

where

Po X2n, ToXont1) + Pa (X2n41, T1X2n)
M (Xon, Xons1) = maX{d(in,inH),pa(xZn,T1in),pa(><zn+1,TzinH), oo 2 o i

2

= max{d(XZn» Xon+1)s Po (X2n, T1X2n), Po (X2n41, TX2n41),

Do (X2n, TaXoni1) }
2

d(Xan, X2n42) }

= max {d(in, Xon41), d(Xon1, Xong2), D)

= max{d(xan, X2n+1), d(Xant1, X2n+2) }
which further implies that
d(X2n+1, Xant+2) < @(max{d(xan, Xan+1), d(X2n+1, X2n1+2)})-
Now if
d(X2n+1, X2n+2) > d(Xan, Xon41),
for some n, then we have
d(X2n+1, Xant+2) < @(dXan11, X2n42)) < d(Xant1, X2nt2),

a contradiction. Therefore d(xani1,Xant2) < @(d(Xan, Xant1)). Similarly it can be shown that d(xyn43, Xon42) <
¢©(d(X2n42, Xan+1))- Therefore, for all n,
dXn, Xn41) < Do (Tixn—1, ToXn) < @(d(Xn—1, Xn))
@ (Do (Xn—1, TaXn—1))
@Dy (T1Xn—2, ToXn—1))
©(p(d(Xn—1, Xn—2)))
o < @"(d(X0, X1)).

INTAIA

Hence

d(Xn, Xn4m) d(Xn, Xn1) + dXng1, Xng2) + - - + dXagym—1, Xnem)
@"(d(x0, X1)) + -+ + 9" (d(x0, x1))
n+m—1

> okdo, x1)).

k=n

Since Zﬁic @"(d(x0, X1)) < 00, {x,}isaCauchy sequence in X, and from the completeness of X, it follows that x, — x € X.
Now, we claim that p, (x, Tox) = 0 for each @ € [0, 1]. If not, then for some «* in [0, 1], we have py(x, T,x) > 0. Consider

Do+ (X, TZX) = d(X, X2n+l) ~+ Do+ (X2n+ls TZX)
=< d(xa Xn+l) + Dot* (TlXZns TZX)

IA

+ (Xon, ToX) + por (X, T1X
d(X, Xn11) +max{d(in,X),pa*(xZn,T1in),pa*(x, Tyx), (an, T2%) + P Ty 2")}

2
+ Lmin {pg+(X2n, TiX2n), P (X, T2X), Par (X2, T2X), Pax (X, T1X2n)}
Do (X2n, Tox) + d(x, X2n41) }
2

d(x, Xp41) + max {d(in, x), d(Xn, Xont1), Pox (X, TaX),
+ Lmin{d(X2n, X2n11), Pa* (X, T2X), Po* (X2n, T2X), Do (X, T1X2n)}
which on taking the limit n — oo gives

Pox (%, T2X) < @(pax (X, T2X)) < Pox (X, ToX),

a contradiction. Hence py+ (X, T,x) = 0. Therefore x, C Tox. Similarly x, C T;x. O
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If in above theorem, we take ¢(t) = 0t where 6 € (0, 1), then we have the following theorem.

Corollary 4. Let X be a complete metric space, and Ty, T, : X —> W, (X) be two fuzzy mapping on X. Suppose that

Dy (T1x, Toy) < OM(x,y) 4+ Lmin {py (x, T1x), po (¥, T2¥), Pa (X, T2¥), Po (¥, T1X)}
forallx,y € X, whereL > 0,0 € (0, 1), and

M(x,y) = max {d(x, V). Pa (. TiX). Pa (v Tay), 22 ® T29) + P 0, Tr2) } .

2
Then there exists a point x in X such that x, C T1x and x, C T)x.

If in the above corollary we take L = 0 and T; = T, then we have the following result.

Corollary 5. Let X be a complete metric space. Suppose that a fuzzy mapping T : X —> W, (X) satisfies

Pa (X, Ty) + po (v, Tx) }
2

Dy (Tx, Ty) < 6 max {d(x,y), P (X, TX), po (v, Ty),

forallx,y € X, where 6 € (0, 1). Then there exists x in X such that x, is a fixed fuzzy point of T.

Corollary 5 is a fuzzy extension of the fixed point theorem given by Berinde [ 14].

Corollary 6 (Heilpern [2], Theorem 3.1). Let X be a complete metric space, T : X —> W, (X) be a fuzzy mapping on X satisfying
Dy (Tx, Ty) < 0d(x,y)
forallx,y € X, where 6 € (0, 1). Then there exists an x in X such that x, is a fixed fuzzy point of T.

Theorem 7. Let X be a complete metric space. Suppose that T1, T, : X —> W, (X) are two fuzzy mappings on X satisfying
Do (T1x, oy) < d(x,y) — ¢(d(x,y)) (2)

forallx,y € X, where ¢ : [0, 00) — [0, 00) is a continuous and monotone non-decreasing function with ¢(0) = 0. Then there
exists a point x in X such that x, C T1x and x, C Tox.

Proof. Let xy be in X. By Lemma 2, there exists x; in X such that {x;} C T;(xo) which implies that
Do (X1, T1X9) = 0 foreach« in [0, 1],

which is possible if and only if x; € (T1Xg)4. (T2X1), iS @ non-empty compact subset of X; therefore there exists x, € (T2X1)q
such that

d(X1, X2) = Pa (X1, ToX1) < Do (T1Xo, ToXq).

Continuing this process, we can construct a sequence {x,} in X such that x,;,11 € (T1(X21))e and X242 € (T2 (X2n41))q for all
n > 0and d(Xant1, Xant2) < Dg(T1X2n, ToX2n11). Thus by taking x,, for x and x,,, 1 for y in the inequality (2), it follows that

d(X2n41, Xant2) < Do (Tixon, ToXony1)
< d(Xon, Xant1) — G(d(X2n, X2n11))-

Similarly

d(Xan+3, Xant2) < d(Xong2, Xont1) — P(dXong2, Xons1))-
Therefore, for all n,

d(xn, Xnt1) < Dy (T1Xn—1, Taxn)

< d(Xn—1, Xp) — ¢(d(Xp—1, Xn)).

Thus, we have

d(xn, xn+1) S d(Xn,], Xn)

which shows that {d(x,, x,1.1)} is a non-increasing sequence of positive real numbers and therefore converges to a real
number x. We show that x = 0. If not, then on taking n — oo,

Ad(Xn, Xn1) < d(Xn—1, Xp) — $(d(Xn—1, X))
gives that

X <x— ¢ <x,
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a contradiction. Hence d(x;, x,.+1) — 0asn — oo. Following arguments similar to those given in [15] and [16], it can be
shown that {x,} is a Cauchy sequence in X. It follows from the completeness of X that x, — x € X. Now, we claim that
Do (x, Tox) = 0 for each @ € [0, 1]. For this, consider

Pa(x, T2X) < d(X, X2n4+1) + Po (Xon+1, T2X)
< d(X, Xn11) + Do (T1X2n, ToX)
< d(x, Xn11) + d(x2n, X) — P (d(x2n, X))
which on taking the limit n — oo implies that
Pa(x, ox) <0

a contradiction. Hence p,, (x, T>x) = 0. Therefore x, C Tox. Similarly, x, C T1x. O
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