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Abstract. We present a description of the diagonal of several spaces in the polydisk. We
also generalize some previously known contentions and obtain some new assertions on the
diagonal map using maximal functions and vector valued embedding theorems, and integral
representations based on finite Blaschke products. All our results were previously known
in the unit disk.
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1. INTRODUCTION AND MAIN DEFINITIONS

Let n € N and C" = {z = (21,...,2n): 2z € C, 1 <k < n} be the n-dimensional
space of complex coordinates. We denote the unit polydisk by

Ut={z€C": |z| <1, 1<k<n}
and the distinguished boundary of U™ by
T ={2z€C": |z| =1, 1<k <n}

By mo, we denote the volume measure on U™ and by m,, we denote the normalized
Lebesgue measure on T". Let H(U") be the space of all holomorphic functions on
U"™. When n = 1, we simply denote U' by U, T by T, ma, by msa, m, by m. We
refer to [5] and [11] for further details.

The first author was supported by RFFI Grant 09-01-97-517. The second author was
supported by MNZZS Serbia, Project 144010.
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The Hardy spaces, denoted by H?(U™) (0 < p < o0), are defined by HP(U™) =
{fe HU"): sup My(f,r) < oo}, where
o<r<1

ML) = [ FOOP dma(©), Mu(fr) = paxl SO, 7€ (0., f € HUY).

As usual, we denote by @ the vector (a1, ..., ).
For aj > —1,j =1,...,n, 0 < p < oo, recall that the weighted Bergman space
AL (U™) consists of all holomorphic functions on the polydisk such that

n

191, = [ 1P TG = ) dman () < .

i=1
When a3 = ... = a,, = « then we use notation A (U™).
Let 7% = {(k1,... kn): kj € Z. =NU{0}},
7" = {(ky,... . kn): k; €Z_, j=1,...,n}.

If u is n-harmonic (harmonic in each variable), then as usual

(o]

n
. . k . . .
u(rie'¥t, ... rpe'n) = E Chyoo b | | il gikses

k1, kp=—00

We define the fractional derivative of order « of an n-harmonic function in the usual
way as follows

o0 n

O
D iy — elkivi
u(7e'?) Z Ckl""’k"F(a—Fl T(Jk| + 1) H
k1,....,kn=—00 j=1
(o + k| +1) = (o + |kj] + 1)
a; > —1.
I(a+ DI(|k|+1) EF% (k| +1)"

Let further
hP(a) = {u is n-harmonic: / H(l — |z])*F u(z1, . . ., 20) P dman(2) < oo},
U™ k=1

O<p<oo,ar>—-1,k=1,....n
Note that it is easy to check that D%u is n-harmonic if u is n-harmonic.
We will call a function u pluriharmonic if u = Re(f), f € H(U™) and we denote

hP(&) = {u is pluriharmonic: llullpe(a) < oo}
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Ifl <pj <oo,j=1,....,n, both h?(a) and ﬁp(o_z') are Banach spaces, for
0<p<1,j=1,...,n, h?(a) and h*(&) are quasinormed spaces.

Throughout the paper, we write C' (sometimes with indices) to denote a positive
constant which might be different at each occurrence (even in a chain of inequalities)
but is independent of the functions or variables being discussed.

The notation A =< B means that there is a positive constant C, such that B/C <
A < CB. We will write for two expressions A < B if there is a positive constant C
such that A < CB.

Let us reiterate the main definition.

Definition 1 (see [5]). Let X ¢ H(U), Y C H(U™) be subspaces of H(U) and
H(U™). We say that the diagonal of Y coincides with X if for any function f, f € Y,
f(z,...,2) € X, and the reverse is also true: for every function g from X there is an
extension f(z1,...,2,), f € Y so that f(z,...,2) = g(2).

Note when Diag()) = X, then | f||x = i%f [®(f)||y, where ®(f) is an arbitrary
analytic extension of f from the diagonal of the polydisk to the polydisk. The
problem to studying the diagonal map and its applications was suggested for the
first time by W.Rudin in [11]. Later on, several papers appeared where complete
solutions were given for classical holomorphic spaces such as the Hardy and Bergman
classes, see [5], [6], [8], [12], [16] and the references there. Recently the complete
answer was given for the so-called mixed norm spaces in [10]. For many other classes
the answer is unknown. The aim of this note is to add various new results in this
research area.

Theorems on the diagonal map have numerous applications in the theory of holo-
morphic functions (see, for example, [2], [14]). Analogues of the diagonal map prob-
lem, the so-called trace problems in various functional spaces in R”, are well-known
(see, for example, [9]).

This paper is organized as follows. In the second section we collect preliminary
assertions. In the third and fourth sections we present various new results concerned
with the so-called diagonal map operator in the polydisk; practically all results from
these sections were previously known for particular values of the parameters or are
obvious for the case of the unit disk.
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2. PRELIMINARIES
We need the following lemmas.

Lemma 1 [1]. Let 0 < p < ¢ < 00, and let u be a positive Borel measure in the
unit disk. If u{z € U: |z — &| <r} < Or9/? for each ¢ € T and each r > 0, then

/U 1£()1% da(z) < Clf e,

where X is a Banach space in U or a quasinormed space.

Lemma 2. Lett > —1,8; > (t+1)/n, j=1,...,n. Then

1 t
1—- d C ,
J = / (1= fw])dlw] < , 2z €U, e¥el.
0

n ; 3, n ; BA_t+1
I 11— fuleez|  IT 11— zeie 5=
J= J=

Proof. We restrict the proof to the case of n = 2. The general case can be
considered similarly. We have obviously

J:/RD (1 = [w])*d|w] +/1 (1 — |w|)!d[w|
o 11— |wl

€921 — fuwleiezal® " Jo, 11— ooz |1 - wleiez]

where Ry = max(|z1],|22|). Hence

/1 (1— |w|)*djw] _ C(1—Ro)"*" (1 - Ro)'*
Re [1 = |w]eioz1| P11 — |wlet®zs|% = |1 — zei¢|f1[1 — zpeiv|B
c

) |
[T 1~ zjecw]="F

j=1
Thus
/R° (1 — |wl)tdw] _ /Ro (1—Rjz)'S (1= R4 dR
o 1= |wlei®z]P1[1 — [wleizo]® = Jy |1 — Rel® 21|81 [1 — Re'? 25|02
C
=2 . ot '
H |]_ — zjelﬁo|6.7_ 2
j=1
The proof is complete. U
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Lemma 3. Let du(z) = (1 — |z])Y/?=2dmgy(z), 0 < p < 1. Then
p{zeU: |z—¢/ <r}<Cri/?, r>0, €cT.
Proof. Let K, ={z: 0<|z—¢&| <7}, z =&+ e = 0el¥, ¢ =e?. Then

o -
el —e?| <7, 1—r<p<1, [sin 2<p‘<r.

Hence we have

The proof is complete. O

3. VECTOR VALUED EMBEDDING THEOREMS, MAXIMAL OPERATORS AND
DIAGONAL MAPPING

The goal of this section is to show how vector valued embeddings and estimates
for maximal functions can be used for the study of the operator of diagonal mapping.
In this section we also completely describe traces of some holomorphic classes in the
polydisk on the diagonal (z, ..., z2).

In [6] authors gave a partial solution of Rudin’s problem providing, in particular,
the following assertion.

Theorem A. Let 1 <p < q<oo,n > 2. Then
/U 19(2)|4(1 = |2)" P72 dms(2) < C||fll ey,

where g(z) = (Df)(2) = f(z,...,2).

We provide below generalizations of this result.

355



Theorem 1. Let 0 < p; < 1,9i=1,...,n. Then

/’ Gt za)l TT(L = (26752 dima(2)
" k=1

“02321( L (o ([ oo amie) g dm1<fg>...)”5nl ) -

=Cllfllar < oo and [[Dfflar,, , ~ <Clfllas 21

i=1 p;

Proof. We use an idea which appeared in [1] for the study of Hardy classes
in the polydisk. Let n = 2. The general case can be considered similarly by a small
modification of the proof we provide below. Let f: U — LP(X), where X is a
quasinormed space, 0 < p < 00, so for every z € U, [, [|f(2)|[% dma(z) < oo, and
HP(X) is the closure of polynomials depending on z with values in X

=Yoot meXe Il = [ 5@ 0<p<oc.
k=0 T
Note that if X = C then HP(X) is the ordinary Hardy class. If X = HP* then

HP?(X) = {f € H(U?): sup (/T (/T |F(rée, r&o) P da) B dfz) "< oo},

0 < p1,p2 < co. Put in Lemma 1 ¢ = 1, p = po, H? = HP?) X = HP'. Then
HP(X) = HP>(HP'). From Lemma 1 we have

(1) /U 17 (2) a1 dpa(z) < ClLf oo

Since by Lemma 3 the measure ju(z2) = (1 —|22])/P2 dma(22) can be used in Lemma
1 we have

1/Pl
/ ( JAIGESE df) (1 [a) /72 dma(z2) < Ol smr2,

1/?1
/|f (21, 22)|(1 — |z )72 dima(z) (/ (€22 dg) |

and we have the estimate we need from the last two inequalities.
To get the second estimate of the theorem we use the fact that (see [5])

i a;j+2n—2
/ (2 2)P(L = |2 dma () < Cllflanny, 0 <p <00, a5 > —1,



for p =1 and the estimate (see [5])

</n ﬁ 1—[z])* dm2(z)>s < C/n |D(2)]° H(1 —12]) 2572 dmg (),
k=1

s <1, ® € H({U™). The theorem is proved. O

Remark 1. The first assertion in Theorem 1 for p; = ... = p, is well-known
(see [1]) and plays a crucial role in the description of the dual of Hardy classes HP,
p < 1 on the polydisk (see [1]).

We give now another extension of a theorem of P. L. Duren and A. L. Shields using

the classical interpolation theorem.

Theorem 2. Let 1 < p < g < oo. Then M «(Df,r)(1 — 7“2);_; < CMy(f,r),
n> 1, and [} (1—7r) < 7L (L [(DF)(rE)|7de) " dr < Cllfllgn(umy, n > 1.

Remark 2. Note that since M, (f,r) is increasing (see [5]) we have
[ =1z 2 ama(e)

<C/ (1—r>f+“‘1</|g(rf)|qd5>qdn p<q, azl
0 T

So our theorem improves Theorem A from [6].

Proof of Theorem 2. We will show Theorem 2 for n = 2. The general case can
be obtained similarly. Let f € H?(U?). Then by the Poisson integral representation

f(&1,&)(1 = |2])? d& A&
— U.
fla 2= ’/T 11— (€22 — ()2 ©

We choose s > 1,1 —1/s=1/p—1/gand put c=p/(p—1),b=3s/(s—1), a =q.
2
Then 1/a+1/b+1/c=1.Let ®(&,2) = [] |1 — <§k,zk>|_2, &eeT, z,eU, k=1,2.
k=1
Then by Holder’s inequality

Vel <o [ e orinere) ([ nerao) ([ oeora)

< CHANBED | _ | e
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and

/ fr(z, 2)]9(1 — |2]) ¥ @s=D=2a g
T
s C(/T/T2 D&, 2)I°[fr(EIP dgdw) ||fRHZII{(bT2)~

Finally [, (|fr(z,2)[7dg)® (1 — R)® < C||frllge@r), R € (0,1), o = (4s — 1 — 2 +
2¢C~1(25—-1))/q, 5 € [1,q), t > 0. Hence || (Dfr)||1«(1—R)*/P=Y9 < C|| fr| m». Note
that the last estimate is well-known for n = 1: M,(f,r) < C(1—r?)Y/a=V/PM,(f,7),
1<p<yq.

To get the estimate, we need we apply the classical Marcinkiewicz interpolation
theorem to the following function @,

(@f)(r) =(1— 7“2)_1/(’</T |f(r£,r£)|qd§>l/q, 0<r<l.

Since {r € (0,1): ®s(r) >t} C {r € (0,1): (1 —7r?)% < (Cst_1||f||s)s}, for any
s €[l,7), t >0, we have for all ¢

w(@r(r) > 1) < (Ct I flls)", plr) = 4r(L—r®) dr.

Hence by putting s = J(p+ ¢), s = 1 and applying the Marcinkiewicz interpolation
theorem we get the estimate we need

1
/ (1 =) P/ (My(DF, 7)) dr < C fI[20 2y
0

The proof of the theorem is now complete. O
Below we provide a complete description of the diagonal of some analytic classes

based on Lorentz spaces on the unit circle.

Theorem 3. Let ¢ > 1 and o € (—1,1). Then Diag(L(«, q)) = L1(«, q), where

Do) = {7 € HU™):

kseerkin >0 rely

1
Ll(a,q)={f6H(U):/0 ||fr|Lq,m<T><1—r>“dr<oo},

Il? = H(]_ — 27ki, 1-— 27]%71].

i=1

—k —kn (g
SO 2 e 9T O sup £,y e (1) <oo},
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Proof. We have

1
/'nﬂnma@ﬂl—rWdr
0

<O sup || folloaer2 27"

k}OTe k
—kq —kn
<C Z 9 ntlatl) o (at]) sup (&, 78| ooy,
Kt yerorkin 0 1€l T €1k,

where I, = (1 —27% 1 —27+"1]

We put ¢ = oo to get a half of the theorem.

Let us prove the reverse. Let n = 2. The general case can be obtained by a small
modification. Let a be sufficiently large positive number. We put

Fllecfale) = o | F) = [u)®dma(w)

(1= (w,21)) "2 (1 = (w, 22)) "4

where C,, is the Bergman projection constant. Obviously

Fl2l€,1218) = f(z), ==zl 2 € U.

And moreover by a well-known characterization of the L% classes (see [7])

Hﬂhwﬁnxsw>|SUP/UOmmVﬂ©Mm@)

flw)(1 - |w|) dme(w) d€
s it [ L S
I:[ (w, zi)) 2

Note that our integral over the unit circle is a convolution of two functions. Hence
we can apply the well-known Young’s inequality for convolutions in Lorentz clasess
(see [7])

Ilf * gllase(ry < CllfllLacemlgllLrry, ¢>1,

where g(¢) = 1/(1 — (Jw|¢, 2)) 22, w = |wl, z,w e U, £ € T. Hence we have

at1 atl
Z sup Il frllLaco(ry(1 —71) 2 (1 —7a) 2

k1 k20 T‘1€Ik1 ,T261k2

<C  swp > (Hz—k 0‘“)

Tlelk177’26[k2 k1,ka>0 Nj=1

_ 1
X ”fw ” 2,00 (1 - |w|)a a2 a2
A e }hl—quany¢<l—me@g>z

dlwl,
LN(T)

where « is big enough.
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2~ b C
2 < ; n:1_2_n7 517 71'
@ 2 S e e 0D

Further for a > 0

_ —&/2(1 _ 1+a/2
< ¢ (1= lw)™5(1 = Jwl) .

L) [1(1— (1 —25)[u)
j=1

1
H (11 = (w|é, z1)] [T = (w]¢, z0)]) (@22

Therefore by using (2) twice for § = J(a+1), @ € (—1,1) we get finally what we
need. The theorem is proved. O

Remark 3. We note also that in Theorem 3 we can replace the LP*° classes by
any functional Banach space X on T so that ||f * gl x ) < C||fllxmllgllzr )
Since it is known that (see [12]) [, [(Df)(2)[P(1 — |z])" "2 dma(z) < C||f || zrwny,
n>1, 0 < p < oo, then we can apply it to the slice function f,(z) = f(0z), z € U™,
€ (0,1) we have

sup(1 — g)° / (02, 02)[P(1L = [2])"2 dms(2)
o<1
< Csup M,(f,0)(1—0)% «a>0, n>1.
o<1
Moreover if
)1 — d
(Toaf)(2) = F(z,.. c/ J@ -1t "ﬁi(j), el j=1,..n
v H —(z2x)) »

then (DF) = f, [|[F|lu» < C|fllaz_,, 0 <p < oo, n>1 (see [12]) and Ty, a(f,) =
F,. The last equality follows from

/ flotz)g(rt)dt = / ftz)glort)dt, f,ge H{U), z€ U, o,7 € (0,1).
T T

Collecting the arguments we gave above, in the following theorem we provide a
description of the diagonal of weighted Hardy spaces. Note that this description was
missing in the recent paper [10].
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Theorem 4. Let n > 1,0 < p < 0o, o > 0. Then Diag(AL>°) = AP" where

AL = {f € HWU™): sup My (f.0)(1 - 0)° < o}, ME(Fr) = [ Ifre)P

ar = {1 € H@: s - 0" [ 17— A2 dma() < oo .

We will provide now the description of the diagonal of the AP classes, also
for p = co. Let S be a set of positive measurable functions w on (0, 1) such that
My < w(Ar)/w(r) < My, for all r € (0,1), A € [gw, 1] and some fixed M,,, My,
¢w such that my, q, € (0,1), M,, > 0. The classes S were studied in [15]. Let
= logmy,/logqy, then it can be shown that w(z) € [z*, 27 P], = € (0,1),
Bw =M,/ In(1/q,), w € S, (see [13], [15]).

Let further Ay, ... w, 3 ={f € HU™): sup [f(z1,. .0y 20)] H (w(1—|2k]) x

z;€U,j=1,...,n k=1
(1= |zl)?/") < oc}, B> 0.

In our next theorem we describe the diagonal of Bloch type classes with general
weights in the polydisk.

Theorem 5. Let wJ_" eSS, T>ag, w=w;"

s i=1n. Then

Diag(Aw,....w,.~) = {f € H{U): Sup|f )T (o (1 = 12))(1 = |2))7) < oo}
k=1

Proof. One part of the theorem is trivial. To prove the reverse we need the
following estimate (see [13])

w(l — [z])xE (2) dma(2) w(l —|z])
@ /U 1= (zaler2 S C(l—|zl|)a X5(21),

where z; € U, w € S, a > ay, v € [0,min(1 — B,)], x,(2) = 1/(1 — |2])7/P4,
v €[0,00), 1/p+1/q=1, p> 1. We have as above for any positive 7

Flz, .. /fz (A= lzhmdmez) = pp
[T~ (zz)) "+

k=1
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Hence using (3) for v = 0 and Holder’s inequality for m functions we have

n

[T (we (1 = [2[)) " dma(2)
|F(zl,...,zn)|§/ k=1
U T ()

k=1
H(/ w31—|z|)) " dma (2 ) ﬁW(l—IZI
g () gz
The proof of the theorem is complete. O

Remark 4. The corresponding theorem for little Bloch-type classes can be proved
similarly.

The expanded Bergman projection

1 _ [e%
Toahw) = Ca) [ TOCT ) s
v H (]‘ - <Z,'lUk>) n
k=1
where w = (w1, ...,wy) € U, C(n,a) is the Bergman constant from the Bergman

representation formula, plays a crucial role in the study of the diagonal map (see [5],
[8], [10], [16] and the references there).

We will now provide new estimates for this operator using, in particular, Stein-
type maximal functions from [18]. At the same time we extend previously known
estimates.

Theorem 6. (a) Let I'(§) ={z € U: |1 =&z <~v(1 —|2])}, v >1,& € T. Let
Be(0,3), a> B, n=2. Then

/T ((sup  sup [DETuo(f) (e 22)l(L- 2P (1 |za) dm(©)) < Cllf ey,

z1€T(§) z2€T4(§)

(b) Let p>2,1/p+1/q=1,t € (—2,—1), a > max(t + 2/¢,0), n = 2. Then

a—t_1
sup T f(21,22)[(1 = [21])F2(1 = [z2]) 2 o
z1,22€U

<o [ o |f<z>|<1—|z|>3)pdm<e>.

z€l'5 (&)

Remark 5. Putting n =1, a = 0, = 0 in the first estimate of Theorem 6 we
get the following well-known estimate for H? classes (see [5], Chapter 1)

/T sup [ ®(2)]2 dm(€) < Cl1P[ 2 0.

2€l5(§)
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Putting n = 1, « = 0, ¢ = —2 in the second statement of Theorem 6 we get the
well-known estimate (see [1], Theorem 2.5, [4], [5])

sup |2(2)[(1 = |z[)» < C [ sup [@(w)[" dm(£) = |||
|z|<1 T wel'y (&)

Proof of Theorem 6. Let T o(f) = ®(21, 22). Then, by using Holder’s inequal-
ity we obtain

w)|
D(z1, 29)| C’/ 1= (w2 ||1 (w, 22>|dm2(w)

(/ |f|1_ j”_ZJw'L) dmz(w)f( v |(11__ <|;U,DZQ>2|62 dmz(w)%.

Hence since ( € (0, ) and a > 0,

D2 B2, 22)] </ |f (w 1—|w|) de(w));

|1 —(w, z1)|?
(1~ fuw])?? 2
X (/U 11— (w, 29[22 dmo(w) | ,

then we have

sup D2, P(21, 22)|(1 = [22))* 77 (1 = [z1])?
z1,22€0(§)

su |f 1_ |w|) molw — |z 26 é = see
b (/ | ? dma(w)(1 - 1) ) Gr(f), (see [4]).

2161" () 1— (w, z1)|?

Note that
(11 =(AE ) =< (1= (A 2)), z2€U, AeTp(§).

Hence

228 £(2)[2(1 — )28 .
CL(F)(E) £ C sup (/U“ DA @ =) dm2<z>) _Gi(f.6.5).

0<r<1 |1 —(r§, z)|?

Obviously for v € (1,2 —28), B € (0, 3),

Ginense s ([ A=l rOF dm(£)>%-

0<r<1 |1 —(r&, o)
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Therefore it is enough to use the estimates for Stein-type maximal functions [18]

‘ (1=rt|f o)l | Vb
02221(/T 1= (rp.E)]e dg”)

feHP p>108€(0,1/p), a € (1,2 — Bp), to get what we need. So the proof of
the first estimate is complete.

< Ol fllae,

Lr

Let us prove the second estimate. First, we have the following chain of known
estimates (see for example [4]).

dp(2)

4 d <cC d ,
(W Jancrse [ [ ame
5 My— Pag<cC P dg, 1,
(5) | tasror as<c [ ir@rae »>
where My _ f is the classical Hardy-Littlewood maximal operator, and
(6) /If(Z)Iﬁdmz(Z)SC ( sup |f(2))PC()(€) d¢,

U T z€T(€)

where g is a positive Borel measure, 0 < p < oo, f is measurable in U and as usual
C(p)(€) =sup 1|7 [, du(§), Al ={z=r{, €I, 1—|z| <r <1}, I CT. Using
el

(4) we have

[B(e1,22) £ Cla) [ @I =Rl g w),

v (1= (z1,w) "3 (1= (z2,w)) "2

where 21,20 € U and C(«) is the Bergman projection constant. Further on, by
using (4) and applying Hélder’s inequality twice, we get

(21, 22)] < C( /T ( /F P / ((f” i'2|8|)§||1w_|)2<:13;f3+(§”) ) dg)'l’

g </T (/w) (Tl__'flifi?fiif) )g dm(f)f S B(f)(1 —|z)) "2 70,

p>2,a>t+2/q,te(—2,—-1),a>1t/2,1/p+1/qg=1.
Using Fubini’s theorem and a duality argument

2(1 = Jwl)?*~* dma(w) .
oy HwH L2 )///1" 3 1—|w| 2|1 — (21, w)|o+2 [ (&) dm(&)

_ 2()/ t
= sup /'f "= ) /W )xr.e)(2)d (dTQ(w).

lell ) JU 1= (z1,w)|**+> |w])?
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Hence using (6) and the estimate

sup 1—1|z| /T|@(£)|XFT(§)(Z)dm(§) S CMpy_r(9)(§), (see [4]),

zely
we have (f = f(1 — |w])*/?)

B S s [ (AxlNOPMs00 (|71 ) @ae

/ (1 = w7 (1L ~ @)™ dma(w)
v 1= {z1,0)|[*T2]1 — (0, w)|[N+1 7

< sup /T (Ao (F)(€))2Mir— 1, (9)(€) dE sup

® welU

where My _ is the Hardy-Littlewood maximal function. We used the fact that

IC(F) |~ = sup [ 1FEdma(z)

~1\IN—1
aev Ju 11— (0, 2)|V (I—=[w)™ ™, N>1

From the last estimate, Holder’s inequality and (5) we finally get

a—t 1 ~
[@(21, 22)(1 = 2121 = |22]) = "0 < C|fl2r,

t € (—2,—1), p > 2. The proof of Theorem 6 is complete. O

Sharp diagonal mapping theorems can be obtained in various spaces of harmonic
functions. We give an example.

Theorem 7. Let 0 <p < oo, o > —1, j=1,...,n. Then

Diag(h?(@)) = hp(zaj +2n — 2), n>1.

j=1

Remark 6. Since the h?” (@) classes contain the holomorphic Bergman spaces in
the polydisk, Theorem 7 can be considered as an extension of the theorem on the
diagonal map in AP (U")—the Bergman classes in the polydisk (see [5]).

Proof of Theorem 7. The proof of Theorem 7 almost repeats the corresponding
proof for the classical Bergman classes in the polydisk (see, for example, [12]). We
add some needed remarks. For every harmonic function v such that

/|v(z)|p(1—|z|)°‘dm2(z)<oo, a>1,0<p< oo,
U

1 )n(,@+2)

o) = C(0) | o)t~ 2 Re (|

dma(w).
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n —1
Let u(z1,...,2n) B) [y v(w)(1 — Jw[?)nB+2)= ZRE(H (1 - <Zkaw>)’8+2) X

k=1
dma(w).
Note thatu(z, ..., z) = v(z), z € U™ and u is a pluriharmonic function. Indeed to
prove the last assertion we have

o0
g Cro™e®  w = pe?, 2z =rel¥

k=—oc0

u(zl,...,zn):C(ﬁ)/Ol/ Z Cy oMo,

T k=—00

- L@B+1k+2) & T s el ik
1— 2\n(B+2)—2 |1| [ | ikjpj olk;l p—ik;0 dodo
( 0°) (kgk)r(ﬁ+2)r(|k|+1)r1 Tn IIe ole ede
1;--5Rn

ezuz™

Jj=1

n

TG+ |k +2) k5] ik; o
C ]
Z T(B+2)T (k| + 1) U ‘
(kl, -k =
€7 U7n

1 2 Jky)+1
></ (1= g?)rtir2=2, = do
0

A . .
= E Ckl,,,,,knr‘l il crlknlgibier  giknen
(K1, kn)
n n
eznuz™

hence w is pluriharmonic (see for example [11]). O

4. ON SOME GENERALIZATIONS OF DIAGONAL MAPPING

The diagonal (z,...,z) was generalized and studied relatively recently in [3].
Namely, in [3] Clark considered the map (Dpf) = f|y = F, where f € H(U"),
was based on finite Blaschke products,

V = {(Zl,. ..,ZN) ceU™: 31(2’1) =...= BN(ZN)},

4

z— by .
Bj(z)=H1 bj . j=1,...,N, |bi| < 1.
i=1 + — Uji®

He also studied Bergman and Hardy spaces on the variety V, A2 (V) and HP(V)
obtaining generalizations on known results of some diagonal mapping theorems for
AP HP for the Dp operator. Note that if ny = ... =ny = 1 and b;; = 0 for all
j=1,...,N, then (Dgf) = f(z,...,2).
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Our intention is to find new inequalities for holomorphic functions in U™, which
is its subvariety V. The following known estimate gives an example

/U e 2P = 2" dma(z) < Ol flanwm), 0 <p <00, n>1 (see [12]).

Obviously both sides of this estimate “tend” to HP(U) for n = 1.

To get similar inequalities for the variety V', we will need some assertions from
Clark’s paper.

Any analytic function in V' can be represented as

F(z1,..., 25 qu 21,5 2n)(Bi(21))”,

(21,...,2n) € V, where f, belongs to an n; ...ny dimensional subspace of H2(U™).
Let

f[r](zl,..., qu Z1yeey 2 (Bl(zl)) , e (0,1].

In [3] Clark defined Hardy space quasinorm on V as follows
2n
sup Hf[r]HH,,(U) = sup / / |f[r] (wl, . ,wN)|P d/},eie (w) de
0<r< 0<r<1.J0

sup /TZ | fs1 (0)[7 (f[l Bﬂ”ﬂ'”)

o<r<1 k>0

-1

where dpuie is an appropriate atomic measure in the mentioned representation and
Bi(nA) =X j=1,....,N, A=re? € U, Bj(njr) #0,j =1,...,N. For there are
ni,...,ny points (k) = (Mr(A),...nnk(A)) such that Bj(nx) =X, j=1,...,N,

f516) = i (mk(N), . qvk(N) (see [3)).

| firp |l 2 vy is increasing and

21
™ Wl = Z/o |f (i (rel?), ... nnk(rel?)) > do
!

2n
= /0 Hh(’zh e '7ZN77nei0)||%-I2(U") deﬂ 0<r< 17 (See [3])?

where

1
h(zl,...,zN,/\)zzk:f(nk H (i (A —zJ)|B (kM)

z; €U, j=1,...,n, A € U, where the sum on k is over all 7.
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Remark 7. Note that when V = {(z,...,2): z € U} then
h(z1,. . 2n,A) = (h(2)) = f(2,...,2), z€U

and in (7) all expressions are equivalent to [,.|f(r¢, ..., 7€) d€.

We define Bergman classes on V' as follows (see [3])
1
APN (V) = {f e H(V): / | fir (21, - - .,zN)||£’V(1 —rH%%dr < oo},
0
1 < p< oo, a>0. For the diagonal case (z,...,z) we have

||f||51,,,N=//|f v, )P - r)® drde.

Theorem 8. (a) Let « >m —1, f € H(V). Then

1By S C / ’ / i

(b) Let F € H(V) and fOQK J sup | Fyj(w)] dpieio (w) d@ < oo. Then there is a func-
r<l
tion f € H({UV), flv = F and

m

H ) THdRy ... ARy,

2n
[f(z1, o o2n) (L= z1]) ... (1= |2n]) S C/ /su11)|F[r](w)|d,uew(w) df < co.
0 r<

Proof. Since ||fj,[l2,v is increasing (see [3]) we have the following chain of

estimates

1 [ee]
B = [ Wl =rrar =3 ( [
k=0 1—2-k
7k1a —kma —k1 —km
CZ Z L2 )2 2 )

k1=0 ri€ kj

<c/ /||f ||2VH1—7«J dry ... drp,

1—9—(k+1)

|f[r]|§,v7“d7“)2ka

where I, = (1 -2, 1 — 2=k +D] [f] = [ri/m .. 1/m] t = (a+1)/m — 1. Proof
for the first part of the theorem is complete.
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Let us prove the second estimate in our theorem. Since

2n
/ /sup | Flry(w)] dpteio (w) df < oo,
0 r<l

F belongs to AL%(V) for any a > 0, hence F € AN =2(V) and we have the following
integral representation

flz1, .. 2N)

L r2r N1 — B;(w;)B;(z )dﬂe‘e( )1 —r2)N=2pdr df
N)/o/o / A 112 (wj, 25) — rBj(w;)B;(z;)

)

z; €U, fe HUY) and f|ly = F (see [3]).
Moreover, we obviously have the following estimates using Lemma 2

2n
- Bj(z)l  dpen(w)df
<C// Flyy X :
|f(z1 Zn)| sup | H |1_ wj,zj>| [1-B

r<1 i (w;)B;(25)|
2n 1
< C/ /bup|F w)|dppeio (w)do .
[T (1= |zx])
k=1
The theorem is proved. |

Remark 8. Both estimates in Theorem 8 were previously known for particular
values of V, (see [5], [8], [17]). If V = {(%,...,2)} then the first estimate gets the
following form (see [17])

/0 1 | prera = ara

c/ //|leg,..., )|P]1_[1(1—Rk)”$1—1dR1...dRmdg,

0 < p < oo, a > —1. The second estimate for V = U coincides with the classical
inequality of the theory of H? classes sup |f(2)[(1 —|z]) < C|/f||mz: (see [5]).
zeU
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