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Abstract. We study a new trace problem for functions holomorphic on
polyballs which generalize a known diagonal map problem for polydisk. Also,
we give descriptions of traces for several concrete functional classes on polyballs
defined with the help of area operator or Bergman metric ball.

1. Introduction

Let C denote the set of complex numbers. Throughout the paper we
fix a positive integer n and let C* = C x --- x C denote the Euclidean
space of complex dimension n. The open unit ball in C" is the set
B = {# € C"||z] < 1}. The boundary of B will be denoted by S,
S={zeC"|z] =1}.

As usual, we denote by H(B) the class of all holomorphic functions on B.
For every function f € H(B) having a series expansion f(z) =3_ ;50 apz”,
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272 Traces of some holomorphic spaces on polyballs

we define the operator of fractional differentiation by

Df(z)= 3 (k] + 1)apzb,

|k|>0

where « is any real number. It is obvious that for any «, D% is an operator
acting from H(B) to H(B).

For a fixed a > 1 let To(¢) = {z € B : |1 — &2] < a(l — |2|)} be the
admissible approach region with vertex at £ € S.

Let dv denote the volume measure on B, normalized so that v(B) = 1,
and let do denote the surface measure on S normalized so that o(S) = 1.

For a > —1 the weighted Lebesgue measure dv, is defined by

(1) dva = ca(l = |2[*)du(2),
where
Fn+a+1)

2 S S v
@) Ca nll(a+ 1)
is a normalizing constant so that v, (B) =1 (see [18]).

Let also dug(z) = dvg(z1)...dvs(zm) = (1 — |21)?---(1 —
|2n)?)Pdv(z1) - - - dv(zy,). For 2 € B and r > 0 the set D(z,7) = {w € B :
B(z,w) < r} where 8 is a Bergman metric on B, 8(z,w) = %log %

is called the Bergman metric ball at z (see [18]).

For o« > —1 and p > 0 the weighted Bergman space AP consists of

holomorphic functions f in LP(B,dv,), that is,
AP = LP(B,dv,) N H(B).
See [5] and [18] for more details of weighted Bergman spaces.

Let m, m > 1 be a natural number, M C C* and K C C™,
C™m™ = C"x---xC"™, be a hyper surface. Let X (M) be a class of functions
on M, Y(K) the same. We say TraceY(M™) = X(M), K = M™,
M™ = M x --- x M, if for any f € Y(M™), f(w,...,w) € X(M),
w € M, and for any g € X (M), there exist a function f € Y (K) such
that f(w,...,w) = g(w), w € M. Traces of various functional spaces in R"
were described in [9] and [17]. In polydisk this problem is also known as a
problem of diagonal map (see [5] and references there).

The intention of this paper is to consider the following natural Trace
problem for polyballs. Let M be a unit ball and let K be a polyball
(product of m balls) in definition we gave above. Let further H(B x---xB)
be a space of all holomorphic functions by each z;, z; € B, j=1,...,m:
f(z1,...,2m). Let further Y be a subspace of H(B x --- x B).
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The question we would like to study and solve in this work is the following;:
Find the complete description of Trace Y in a sense of our definition for
several concrete functional classes. We observe that for n = 1 this problem
completely coincide with the well-known problem of diagonal map. The
last problem of description of diagonal of various subspaces of H(D™) of
spaces of all holomorphic functions in the polydisk was studied by many
authors before (see [5], [7], [12], [13], [16] and references there). With the
help of area operator and Bergman metric ball in B we introduce new
holomorphic functional classes on polyballs and describe completely their
Traces via classical Bergman spaces in the unit ball B of C™.

In our previous paper (see [15]), we completely described traces of
weighted Bergman classes on polyballs for all values of p € (0,00) and traces
of some analytic Bloch type spaces on polyballs expanding known theorems
on diagonal map in polydisk (see [5], [12] and references there). Some results
of this paper are new even for n = 1 (polydisk case). Main results of this
paper will be proved in next section. In the final section, we consider related
estimates for spaces defined with the help of fractional derivatives. Basic
properties of a known so-called r-lattice in the Bergman metric that can
be found in [18] and estimates of expanded Bergman projection in the unit
ball are essential for our proofs.

Trace theorems even for n = 1 (case of polydisk) have numerous
applications in the theory of holomorphic functions (see for example [2],
[5], [14]).

Throughout the paper, we write C' (sometimes with indexes) to denote
a positive constant which might be different at each occurrence (even in a
chain of inequalities) but is independent of the functions or variables being
discussed.

We will write for two expressions A < B if there is a positive constant C
such that A < CB.

2. The description of traces of analytic functional spaces
in polyballs based on area operator and Bergman
metric ball and the action of expanded Bergman
projection

Proofs of all our theorems in this section are heavily based on properties
of r-lattice {ax} in a Bergman metric (see for example [18]). In particular
we will use systematically the following lemmas.

Lemma A. [18] There exists a positive integer N such that for any
0 <r <1 we can find a sequence {ar} in B with the following properties:

(1) B= Uk D(akar);
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(2) The sets D(ax, 7) are mutually disjoint;
(3) Each point z € B belongs to at most N of the sets D(ag, 4r)

Lemma B. [18] For each r > 0 there exists a constant C,. > 0 such that

1—Ja|? <c
T

1—|(l|2
C 1 < <C C 1 < -
" " T |1 <Z7a>| N

SToEES
for all a and z such that B(a, z) < r. Moreover, if r is bounded above, then
we may choose C,. independent of .

‘We will need also:

Lemma C. [8] Let >0 and p > 0. Let {A;}5° be a positive sequence
and Y7 27"P AP < co. Then

> emiar <c (Ag +> 274, - An_1|p> :

n=1 n=1

Bergman classes on polyballs AP(B™, dv,, - - dv,,,) consists of functions
f in H(B™), such that,

/ / [f(zrseszm) [P(L = [22)* - (1 = [zm]) ™ dv(21) - - dv(zm) < oo
B B

We need also the following theorem from our paper [15] where the
description of traces of Bergman classes in polyballs were given.

Theorem A. (1) Suppose 1 < p < oo and $1,...,8n > —1. Put
t=(m-1n+1)+ Z;“:l sj. Then there are bounded operators S :
AP(B,dvy) — AP(B™, dvs, ---dvs, ), and R : AP(B™ dvs, ---dvs, ) —
AP(B,dvy) such that (Sf)(z,...,z) = f(2) and (Rg)(z) = g(,...,2) for
all f € AP(B,dvy), all g € AP(B™,dvs, ---dvs,,) and all z € B. In other
words, the TraceAP(B™, dvs, - - - dvs,,) = AP(B, dvy).

(2) Let 0 <p <1, s1,000,8m > =1, t=m-1n+1)+37", s;
Then TraceAP(B™, dvg,,...,dvs,, ) = AP(B, duv;).

In this section, we will give the complete description of traces of the
following spaces of holomorphic functions on polyballs B™ =B x --- x B
defined with the help of area operator and Bergman metric ball with some
restrictions on parameters.

M£={f€H(Bm): [ o / t(g)lf(Z)l”d%(Z)dU(ﬁ)<OO}7

for p € (0,00), a>—1.
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1)

dvg(z) < oo},

wry={renen: [ f ( A s A (W)If(Z)Ipd%(Z)>

for p,q € (0,00), a>-1, > —1.

Db, = {feH(Bm):/1(1—7")5(/21<1'-'/zm_ll<1/zml<rlf(2)” x
f[ (1 —2]%) dv(zﬂ)dr < oo}

for pe (0,00), f>—-1, o;>—-1,j=1,...m

These classes were considered in the case of unit disk by many authors
(see, for example, [1], [6], [16]).

Functional classes defined with the help of Bergman metric ball and area
operator in the unit ball were studied in [3], [10], [11] and also in Chapter 5
and Chapter 6 in [18]. Note that M? coincide with usual weighted Bergman
class in ball for m =1 (see [10], [11]).

The following Theorem for n =1 was proved in [7].

Theorem 1. Let m e N, n € N, 0 < p < o0, a > —(n+1) and
v=(a+n+1)m—1. Then Trace(ML(B™)) = AL(B).

Proof. In [4] it was shown

1
/ fu(rér, . )P (L —)dr < C [ u(2)P(1— |2)* " du(z),
0 ¢ (&)

where @ > —1, 0 <p < oo, u€ H(B), £ =(&,...,&) €S.
We use this estimate m times by each variable separately and get
integrating both sides of obtained estimate by S

/S/Ol"'/o1 [u(r1€1, o 1€y o Ty oo Tnn)|P X

X(1—=7)* . (1= ) dry ... dry,dE

< L g
Ffl(E) Tfm(E)

(4) X(1=1]z1))* 7" o (1 = |zm]) ¥ " do(2y) - . . dv(zm )dE,
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where u € HB™), meN, a; > -1, 0 <p < 0.
To prove the estimate we will use the so-called slice functions (see [18],
page 125). Let

(ug)(2) = u(2), 2 € D, z = 2|7, D = {w : [w| < 1}, £ €S,

U’f(zla' ..,Zm) = 'U;(ngl,.. 'afnzlv" 'aflzma' <. afnzm)a

and
zj=ri0, z; €D, j=1,...,mUe(2) =ulbrz,...,&n2, ..., &12,...,6nz), z € D.

Then ue € H(D), and

2m
/ [ ieera-pyaa <y [

1—o—(k+1)

[ etz
0

1—9—(k1+2)

o0 o0
<ClZ"'Z(2 5,37...2_'?33”)(2%?...2%)/ Y
k1=0 k=0 1—2—(k1+1)
1—o—(Fm+2)

X/ / |(ug) (21, s 20n) [P (2% - 257 )drd 21 - - d 2|
1—2—(km+1)
2 m
<02/ / / |(uge) (21, - -, 2 H 1= |zx]) ™ ~drd|zy| - - d|zm|.
Using that for f € L1(S™,do)

27
(6) fao = [ do(Q)5- [ Fe0)is

sn sn ™ Jo

(7) f&) = f(t&r, .. t&n, ..., t&1, ..., t&), €€ S, t €(0,2n),

(see [18], Lemma 1.10), we have from (5) integrating both sides of it by
sphere S

/|u P(L— |2]) dv (= Z/
1

p g bk S |
<c [P ao©)1—laal) 1 (1l ]

_o—(k+1)

/ ()P (1 - [2]) do (€)d]]
S
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Combining (4) and (8) we have for 0 < p < 00, v > —1
JRECEE IR

SC// / [u(z1, ..y 2m)|P X
S JT5(8) T's5(¢)

x (1= |z) 5~ (1 = zm]) 5 (1) - . dv(zm)do (£).

If g = VTH —(n+1), then y=(8+n+1)m—1, 8> —(n+1) and so one
part of the assertion is proved.

Now we prove the reverse of the last inequality. Let p < 1. We use
systematically properties of, so-called, r- lattice {ax} or sampling sequences
(see Lemma A and Lemma B, [18])

For every s > —1 we have F(z,...,z) = f(z), where

(w)(1 — |wl|)®
F(z1,...,2m i dv(w
( /H =)

by Bergman representation formula (see [18], Theorem 2.11). So we get the
following chain estimates (p < 1, s is large enough ) using known properties
of {ay} from Lemma A and Lemma B( see also [18], Chapter 2) and the
fact that (3 pe, ar)’ <> pe,ak, ar >0, p<1.

p
1—|w|)®
| (Zla s R |p S Z,Dr(%%}i) <L m ( |_ |) stitn dv(w)>

k>0 (ag,m) Hj:l |1 - <w7 Zj> m

(1 — |ag))?* (v(D(ax, )))"
< Dmax |f(w)[P povy lax — ESETI
i>0 Dl@wr) [T 11— (aw, z) =

Then using again the relation |1 —(w, z)| < |1 —(ak, 2)|, w € D(ak,r), 2z €
B, (see [18], page 63) and Lemma 2.24 from [18] and Lemma A we finally
get

|f(@)[P(1 — |w])*dv(w)
9 Fz,...,zmpﬁc Stitn, )
( ) | ( 1 )| B Hk:l |1 _ <Zk‘) ~> m P

where t = (n+1+s)p—(n+1), t > —1.
Integrating both sides of the last inequality by sphere we have the
following estimate
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// / Zlv"'vzm)|p><
Ft1(€) r

t'm

(1_|zl|)”“ (FD) (1 = |zm]) 5 D du(z1) . . dv(zm)do(€)

<c /B F@)P( - [@])do(@); > -1, pe(0,1]

We used m times the following known estimate

-l c
(10 /Ft@ T2 ) S g

where £ €S, weB, v>-n—1, s1 >v+n+1, (see [13], [14]). It is easy
to see that Theorem 1 is proved completely for all p € (0, 1].

For p > 1, we use the following estimate, which can be easily obtained
from Holder’s inequality applied twice and the estimate (see [18], Theorem

1.12):
A=z C
<
/ |1 w z |91 (Z) = (1 _ |w|)31—n—1—l/7

weB, v>-1, sy >v+n+1, applied m times for s;1 = op'm
— vintl 1 1
(T—p( i Tz), s+ =1)

(11)

| (2’1,...,

p 1 _ 1— 2\ T 1— " 2\T
s [ MO0 b O ) = bl g
[Tis 11— (@) [P
where z; € B, j =1,...,m; 11 +ry = 2 p ry > 0, and continue

as for the case p < 1, using appropriate 71,7. The proof of theorem is
complete. O

Remark 1. For m = n = 1 the statement of Theorem 1 is obvious.

Theorem 2. Let n €N, 0<p<oo, t;>-1, B >—
j=1...,m, a>-1and a=37" (8 +2(n+1)+t;) — (n+1), then
Tmce(Kt’t’ﬁp(Bm)) = AP (B).

Proof. Obviously by Lemma A and B

(12) /|f (L= |2l do(z) S 3

k>0

( max z)|p> (va(D(ar, 1)),

z€D(ak,T)

where f(z):f(z,...,z), 0<p<oo, a>-1.
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We have by Lemma 2.24 from [18] and Lemmas A and B

max |f(2)[PC
2€D(ap,r) |f( )| k,a+n+1

k>0
5 Z < max |f(221, cey Zm)|p> Ck17~~~7km704+n+1a

k120, k>0 \ 7 EP(@R,7)

where Cka4nt+1 = Vatn+1(D(ag,r)). Here

m m
a=> B+ ti-n—1, t;>-1, j=1,..m,
j=1 j=1

with 8; = 8; +2(n+1), j=1,...,m.

”.f”ig < /B/B(l _ |Z1|)t1 (1 o |Zm|)tm><
8 </D(z1,r) T /D(Zm,r) |f(wy,... ,wm)|Pd53 (ﬁ)) dv(z),

where dﬁg (w) =TT, (1 — |w|*)Prdv(w). At the final step we used Lemma
A again and the fact that for z € D(ag,r) (1 —|z|)t < (1 — |ax])t, t € R.
Let us prove the reverse to the estimate we obtained above. We again
use properties of expanded Bergman projection and we have the following
chain of estimates. We have as before for positive large enough integer s,

F(Zla"'v /H 1_|w|) dv&;

(,2) %

and F(z,...,z) = f(z). Hence by Lemma 2.15 from [18], for p < 1, we
have

m
/ / H 1— |Zk])t </ / |F(zl,...,zm)|pdaﬁ(z)> do(z
Bt D(z1,7) D(zm.7)
/ / / / fw)(1 - |w|)p(n+1+s) (n+1))
n X
D(zl,r) D(zm,T) |H <w7zj>) +71n+ |P

<« [La-1an" H 1= Ja]) i (2)d (@) di(2),
k=1 k=1

X

where dv(2) = dv(z1) ...dv(Z,). Using the fact that s is large and using
the inequality
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Wiy )P

1— Bi...(1—
/ / ( TLwlD ( i dv(wy) - - dv(wy,)
D(z1,7) D(2m,T) Hj:l |1 - <wja Z> o P

m
—(s+14n)p
SCH|1—<z,zj wo BNt € B 2 € B,
Jj=1

we finally get the estimate we need:
(13) 1E e S £

when «, t, 8 were defined above.

To finish the proof we need the estimate (13) for p > 1. For that reason
we apply estimate (11). Then repeat arguments we provided above for p < 1
using the fact that s is large enough in Bergman representation formula.
The proof of theorem is complete. |

Remark 2. Let us note that for m = 1 and n = 1, Theorem 2 is obvious.
Our Theorem 2 is new even for m > 1, n =1 (polydisk case).

Theorem 3. Let 0 <p<oo, B8>-1, o;>—1, j=1,...,m. Then

Trace(D}, ;(B™)) = A%}":l aj+ﬁ+1+(n+1)(m—1)(B>'

Proof. We obtain first a characterization of D? p classes via weighted
Bergman spaces on polyballs and then we will apply Theorem A and thus
we will calculate completely traces of Dg} s classes in polybals.

Let 0 <t <1, fi(z) = f(tz), z € Bx---xB. Let r, = 1—-27",
n=0,1,.... Using decomposition fol P(r)dr = Y202, [5 P(r)dr, where
P(r) is any measurable function on (0,1), it is easy to check

1
171, =/<1—r>ﬁ (/ / / oot 2P
@8 0 |z1]<1 [Z2m—1]|<1 J|zm|<r

H 1—|z])%dv(z;) | dr

<CZ2 n(B+1) / / / | fe(z H (1 —|2;)* dv(z;)
‘Zl‘<1 |Z7n 1|<1 ‘Z'm|<7’n j=1

(o)
=C) 27"FHAr = K(p, f, ).

n=1
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We have by Lemma C

o0
Koy e [ ] e
n=1 |z1|<1 [zm—1]<l Jrp_1<zm<rn
m
< [T = 121 dv(z))
j=1
< CQ”ft”Ap(Bm,dval,...,dvam_l,dvﬁ_*_u_am)
—Co [ [ Ul )Py (1) (ot )
|z1]<1 |zm|<1
Finally we have

(14) Hft”%iﬁ < C”ftHAP(B’”,dval s @Va, _15QVB 414 am, )"

We tend t — 1 and apply Theorem A. So we get

TTGCG(Dg,ﬂ(Bm)) C APZ}L a_7~+ﬁ+1+(n+1)(m—1)(B)'

The reverse to (14) can be obtained by very similar arguments. So using
again Theorem A we get the reverse inclusion

A (B) C Trace(Dy, 4(B™))

P
2Ly o+ B+1+(n41)(m—1)
and the proof is complete. O

3. On traces of Hardy spaces and some functional classes
defined via fractional derivatives in polyballs

In this section we will give estimates for traces of classes of holomorphic
functions of Besov-type in polyballs defined with the help of fractional
derivatives.

For a >0, pe€(0,00), BER, DOf= Dfl -'-Dfmf,r € (0,1), define

HE 5(B™) = (] € H(B™) : sup (My(DFf7)) (1= 1) < o
W3 = [ [ 1 rn)Pdo@) - dotéy)

We define Hardy class H? in polyballs as HP(B™) = Hf(B™) for
p € (0,00). As usual, we denote by d the vector (a1,...,ap). Let

AL (B7) = (f e HE™): [ [ Do Do (- E) () < oc),
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where o; € R, j=1,....m, t> -1, 0<p<oo and (1-J2]) =
[T, (1 = |z&]). Then the following result can be formulated as a direct
corollary of estimates for expanded Bergman projection obtained during
the proof of Theorem 1 (see estimate (9)) and some known calculations
with fractional derivatives on Bergman kernels that can be found also in
[10] and [11].

Theorem 4. (1) Let p <1, a >3 >0, then AP
Trace(Hf, 5(B™));
(2) Let p<1, a; >0, t >
Trace(Afﬂ( my).

nmt(a—ppm—(nt1) (B) C

L

then AP B) C

mttm(n41)—(n+1) -7, o,

Remark 3. Note that for n = 1 (polydisk case) and a =0, 8 =0 the
first inclusion can be found in [5]. The second inclusion for aq,...,a, =0
can be also found in [5].

It is not difficult to see as a consequence of Cauchy formula (as in case of
polydisk) that the expansion of any function f, f € H(B™) can be defined
as follows

nl n
f(z1,. 00 2m) E E Ay, 210 2"
n1>0 np>0

ni nt n
zjfzzlf---znf, j=1....m

where Z]:lj is in unit disk in C. And hence the corresponding homogeneous
expansion of will be defined as follows:

f(z1,- 05 2m) Z Z Frrso b (21, o5 Zm);

k1=0

—
E E 91 S
fk17~~~7k7n (Zl7 e ’ a’Sly 75m T ZT?;”’

|€1‘ k‘l |€m‘ k‘
n
= J .
|53|—§ 55, % €B,
=1

and the action of the fractional derivative is given by

m

(Dtt f) (2) = Z Z (kj + 1) froy g (215 Zm),s
km=0

k}1:0 ]:1

—
with t; €R, j=1,...,m, (th) . H(B™) — H(B™).
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We now provide some estimates for traces of Hardy HP classes in

polyballs. Let p > 2. Then Trace(H?(B™)) C Ai(m 1)— (B), meN,

m > 1, n € N. The proof follows directly from binomial formula. We will
give a short proof for n = 1 polydisk case. The general case needs small
modification.

Let D™ be unit polydisk, dma,(z) Lebesgue measure on D™. Then we
have the following chain of estimates. For s € N.

n

(ki + ... 4k +1)° = Z Cs(ag,...,an) H(k}j—i—l)o‘j X

a; 20375 oy =s =1

X (_1)an+1 (n _ 1)0tn+1.

Hence

M= | Z (k1 + ...+ ky+1Dak,,. szl---z,’fﬂpx
b k1, kn

X (L= ]z ) P70 (1 = [2n )P dman (2)
<C/ |D “"flpH (1= lak) P~ dman (2) < | fll v
k=1

The last estimate follows directly from Theorem 4.41 from [18] for H?, p > 2
applied n times.
On the other hand obviously by Theorem A we have

M > cl/ | Z (ki 4 oo H o+ 1)2an, g, 2R P — [ 2])5PF 2 dmy (2)
D

k17~~~;kn
p
ZCQ/ Z(m+1)s< > akl,...,kn>zm (1= [2))*PT" "2 dma(2)
m=>0 ki+...+kn=m

>Csllfl%y » p=2 F=fz...02),

Let us note also that according to well known estimate for Poisson integral
of functions from Hardy classes in the unit ball (see [18], page 154) applied
(m — 2) times we have

|f(z, |p<C/n /w &1y vy &m—2,2,2)|PX

(1- |Z| (=)
H |1 <€k7 >|2n (fl) (fm—Z)v
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where z€ B, fe HP(Bx - --xB)=HP(B™), 0<p< 0.

From last estimate now it is easy to see that if

(15) /B £ 2)P(L = |2)" v (z) < C|f |l smcey.

where 0 < p < oo, n>1, f¢& HP(B?). Then forany m >1, me€N, f &
HP(B™), 0 < p < oo,

(16) /B e, P = )™ D7 d0(2) < OB

So Trace(HP(B™)) C Ai(m_l)_l(B), 0<p<oo.
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